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PREFACE TO THE REVISED EDITION

We arc pleasure to announce that the textbook entitled "Engineering Mathematics- IT1
for Diploma in Enginecering", has been possible to present as the second revised
edition according to the new syllabus of CTEVT (2021). It would not be possible
without the kind support, the valuable advice and suggestions from the readers, our
colleague teachers and the tutors. We understand that the book has been widely

accepted. Thus, at first, we express our sincere thanks to all the readers and the teachers
those who preferred this book.

In this edition, the book is designed more effectively to meet the level and to fulfill the
requirement of the syllabus prescribed by the Council for Technical Education and
Vocational Training (CTEVT). We have tried our best to present the book in a
systematic, easy and lucid way with appropriate examples. This book is organized in
five units according to the new curriculum of CTEVT. The first unit is Application of
Derivatives the second, third, fourth and fifth units are respectively Partial Derivatives,
Application of Anti-derivatives, Differential Equations (ODES and PDES of first order)
and Fourier series. All the topics, included according to the syllabus have been fully
explained with suitable examples to illustrate them. Most of the examples are corrected
and some of them have been added to make the book more effective and meaningful.
The problems are divided into two parts (Difficulty level A and difficulty levels B)
according to the new question pattern of this revised syllabus.

Again, we express our heartfelt thanks to Mr. Ananda Krishna Shrestha of Sukunda
Pustak Bhawan, Bhotahity, Kathmandu for the active co-operation in republishing this
book. We equally express our appreciation for the technical support of Zeeta Computer
Service Pvt. Ltd.

We hope that the book will also be widely accepted and is found useful for the readers,
teachers as well as to the tutors as it was before. We have tried our best to minimize any
type of printing errors. However, we again heartily accept any suggestion and comments
from the readers which will assist us to modify and improve for the upcoming
publication.

Authors
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PREFACE

This book Engineering Mathematics for Diploma (Volume III) is designed in order
to cover the curriculum of the Diploma of Engineering (Second Year First Part) of
CTEVT, government of Nepal. Moreover, it is helpful as a reference book to the
students who are preparing for different competitive examinations for Bachelor of
Engineering and equivalent courses. Furthermore, this book will be a good companion
to the teachers who are teaching mathematics at diploma of engineering level. It is our
best effort to make the prescribed course conceptually clear and comprehensive by
systematically arranged subject matter. This textbook comprises theories, definitions
and illustrative examples with a good collection of problems in the exercises, which
instill the self-confidence on this students.

This book is organized in seven chapters as the curriculum prescribed for the different
programs of diploma in engineering by the CTEVT. The chapters of this book include
partial Derivatives, Differential Equations, Infinite Series, Fourier Series, Fourier
Integral, Elementary Group Theory, and Analytical Solid Geometry. The matters of the
book are presented in a simple and lucid way. A large number of worked out examples
and problems in exercise have been arranged according to difficulty level. We hope this
book will be fruitful for both students and teachers.

We would like to give our sincere thanks to Mr. Ananda Krishna Shrestha, Sukunda
Pustak Bhawan, Bhotahity, Kathmandu for his active co-operation in publishing this
book. We equally express our appreciation to GBG Computing for Word - processing
and layout of the present the book in this form.

In this moment, we would like to acknowledge our respected senior teachers and our
colleagues who support and encourage us to write this book. We have tried our best to
minimize all kinds of printing errors. However, we heartily accept any suggestion and
comments from the readers of this book which will assist us to modify and improve the
upcoming publication.

Authors
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SYLLABUS

Engineering Mathematics IT1
EGM 2104 SH
(All Programs)
Year: Il Semester: [
Lecture : 3 hours/week Tutorial: 1 hour/week

Course Description: This course consists of five units namely : Applications of derivatives,
partial derivatives, application of Anit derivations, Differential equations and Fourier series,
which are basically necessary to develop mathematical knowledge and helpful for
understanding as well as practicing their skills in the related engineering fields,

Course Objectives : On completion of this course, students will be able to understand the
concept of the following topes and apply them in the related fields of different engineering
areas: Applications of derivatives and anti-derivatives, partial derivatives, differential equations
and the Fourier.series.

Unit 1: Applications of Derivatives 12 hrs
1.1 Derivatives of inverse circular functions and hyperbolic functions
1.2 Differentials ,tangent and normal
1.3 Maxima and minima, concavity, increasing and decreasing functions
1.4 Rate measures

0 :
1.5 Indeterminate forms: 0 ,% and o — 0 L, Hospital's Rule (without proof’)

Unit 2: Partial Derivatives 6 hrs
2.1  Functions of more than two variables
2,2 Partial derivative From first principles
2,3  Partial derivatives of First and Higher orders
2,4 Enter's theorem for function of two variables
2,5 Partial derivatives of composite functions

Unit 3:Applications of Anti-derivatives 8 hrs

3.1 Standard Integrals ,related numerical problems

3.2 Basic idea of curve sketching : odd and even functions, periodicity of a function,
symmetry (about x-axis ,y-axis and origin ), monotonicity of a function, sketching
graphs of polynomial, trigonometric, exponential, and logarithmic
functions(simple cases only)

3.3 Area under a curve using limit of sum (without proof’)

3.4 Area between two curves (without poor )

3.5 Area of closed curves (circle and ellipse only)
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Unit 4: Differential Equation

14 hrs

4.1 Ordinary Differential Equations (ODES)
. Definitions .order and degree of differential equation
B DifYerential equation of First order and First degrece
. Variable separation and variable change methods
. Homogenous and liner differential equation of First Order
. Exact differential equation, condition of exactness.
e Simple applications of first order differential equations.
4.2 Partial Differential Equations (PDEs)
© Basic concepts, definition and formation
. General solution of linear PDEs of first order (Pp +Qq = R from)
UnitS: Fourier scries 5 hrs
5.1 Periodic functions and fundamental period of periodic functions
5.2 0Odd and even functions with their properties
5,3  Trigonometric series
5.4 Fourier series in an interval of period 2r (arbitrary range is not required)
Evaluation Scheme
e Internal Assessment :20
e Final Exam :80
Unit Wise Marks division for Final
\
S.N. Units Short questions | Long questﬂms Total
(2 marks) (4 marks) Marks
1. Application of Derivatives 4x2=8 3x4=12 20
2. Partial Derivatives 2x2=4 2x4=8 12
3. Applications of Anti derivatives | 3 X2=6 3x4=12 18
4. Differential Equations 4x2=38 4x4=16 24
5. Fourier Series 1x2=2 1x4=4 6
14 x 2 =28 13 x4 =152 80

Reference Books

1.

kathmandu ,Nepal

market that meet the content of this subject.

Thapa et at ,Engineering Mathematics- I1I,Three Years Diploma ), Sukunda pustak Bhawan
,Bhotahity ,Kathmandu, Nepal
Bajrachary et al, Basic Mathematics (Grade XI /X1I), Sukunda Pustak Bhawan, Bhotahity

Kryszig E, Advanced Engineering Mathematics, wile -Easter publication, New Delhi ,India
Nath et al, Engineering Mathematics- 111, Vidhyarthi publisher & distributors ,kathmandu , -
Nepal

Other references selected by the related lecturer(s) from among the texts available in the
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Application of
Derivatives

|_1‘.17 Introduction

Previously, w is oo . )
. Y, W e\had discussed that the derivative (dyldx) gives the slope of a tangent at a desired
point on a curve of a function y=f

decreasing functi : _(-\’) in an interval Ie R. Moreover, it is used to identify the increasing
o CCY g TUiCton. top to identify the positive or negative slope of a curve) in the given interval as
“iC“ as the second orde'r c.lenvative helps to find the concavity and the point of inflection of a curve in
dlffefel}t mtefvals, Again it can be used to find the equation of the tangent at a given point to the curve of
a function y =(x). Not only that but it is used to measure the rate of change of a component with respect
to the rate of change of the another

: : component which affect in our practical life about which it will briefly
be discussed with examples in the particular units.

'Wel have the Eﬂgonometr}c functions are y = sin x, y = cos x, y = tan x. The inverses of them are -
= oIn_ — — —1 % 5 + " o
respectively x = sin”y, x = cos™'y and x = tan™'y which are called the inverse circular functions in some

: ; T T
restricted intervals \:— 2 E], [0, ] and (— 121_’ %) respectively where the values are £ 1 for sine and cosine

and 0t % for tangent functions. Here we find the derivative of inverse circular function and Hyperbolic
functions also. The sine, cosine and tangent hyperbolic functions are the certain combinations of
exponential functions €' and ¢™ which are used to solve certain engineering problems. The hyperbolic
functions are related to a rectangular hyperbola. The six hyperbolic functions are defined as

—X q = =
—e X X

e — e&+e”
2 cos hx = 26 ] tan hx = £ cot hx = £

€+e’ e—e’

sin Aix =

2 _—2
sechx—ex+e_x, cosec hx =5_ .

We discuss maxima and minima and tangent and normal. Finally, in this chapter we also discuss the

. . 0 . : . :
problems of in-determinant forms 0° 'z and oo — oo using the L'Hospital's Rule which are widely

discussed below with appropriate examples.

1. Derivative of sin™ x :
Lety= sin” x
Sox=siny (1)
Differentiating both sides with respect to y, we get
dx d , .
d_y = d_y (siny)

=cosy

= '\I 1- sinzy
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=yl -x [Using (1))
o
dx h\“ = .\-2 '
2. Derivative of cos™ x:
Let  vy=cos 'x
: X=Cosy
DifYerentiating both sides with respect to y gives

d _d
G =p(cosy)

=-—siny

=i \/ 1- coszy

=T
1

@
N
3. Derivative of tan™'x:
Let y= tan”'x
x=tany
Differentiating both sides with respect to y gives
dx d
E = _d; (tan y)
= sec’y
=1+ tanzy
&
or, dy " 1 +x
dy 1
dx T 1+x
4.  Derivative of cosec™ x:

Let y= cosec™ x.
: x = cosecy
Differentiating both sides with respect to y gives
dx d
d_y = d—y (cosec y)
=—cosec y cot y

=— cosec y\/cosec’y — 1

Similarly as above it can be proved that
1

x\/)_cz -1

.i of ! - ]

6. p: ¥ (COI x) -ITXI

5. % (sec'x) =
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Application of Derivatives |3

@ Derivatives of Hyperbolic Functions

Let x be any real number, Then we define hyperbolic functions as follows:

; =e” E+e”
sinh x == cosh x = >
e\' _ e—.\‘
tanhx =575 sechx ==
e\: + e—x
cosechx = o coth x = 7o

sinh (—x) = —sinh x

cosh (—x) = cosh x

cosh™x — sink’x = 1, tan h’ + sec h’x = 1

sinh’x + cosh’x = cosh 2x, cot h>x — cosec I’ x = 1
2'sinh x cosh x = sinh 2x

sinh (x xy)=sinh x cosh y + cosh x sinh y,

cosh (x £ y) = cosh x cosh y £ sinh x sinh y.

Notes: Some of the identities related to hyperbolic functions are :

sin h 2x = 2 sin hx cos hx
cos-h-{—x)-=-cos-hx
sin h (-x) = — sin hx

tan h (—x) = — tan hx

Proof of some of the identities are as below :
1. We have, sin /# (~x) =—sin hx

e —e ™

Proof: LHS =sin h (—x) = S i sin hx
* sin A(—x) =-—sin hx.
2. Sin A’ + cosh’x = cos h2x

Proof: L.H.S. = sin h*x + cosh’x
~ (e‘ - e")z 3 (e" - e-'>2
- 2 2
-2+ e* + & +2+e*
- 4

—2x

B g 2
(- :e23=e 2e = cos h 2x

sin h*x + cos h*x = cos h2x .
3 Lety =sinhx

&
T2
Differentiating both sides with respect tox gives
dy _i(é;eﬁ)
dx Tdx\ 2

-1 ()
2\dx dx
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[
=3¢~ (-1)]
e +e
=" =cos hx

‘;—i (sinh x) = cosh x

i
¢(_i\: (cosh x) = sinh x

'PJ

sinh x

3. Lety =tanhx=
: cosh x

Differentiating both sides with respect to x gives

d d
cosh x p (sinh x) — sinh x o (cosh x)

&l

(cosh x)*

_cosh x. cosh x — sinh x. sinh x
B cosh’x

_ cosh’x — sinh*x

~ cosh’x

1

=~ cosh™x [ cos h*x — sin K*x = 1]

% (tanh x) = sech’x
d
4. y: (sech x) =— sech x tanh x
d
5. e (cosech x) = — cosech x coth x

d
6. 2y (coth x) =— cosech™

[Example: 1—|

Find % when y = tan™ (%2)

Solution:

Here, y=tan™ (%z)

Putting x = tan @ gives

1 (_2tan 6
y =tn (l - tanzé’)
= tan™ (tan 26)
=20
or y =2tan’'x [~ @ =tan""x]
Differentiating both sides with respect to x gives
dy

v 2 % (tan™ x)
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. d
Iy = cos™ (1 - 2%, fina 2.

Solution:
Here,
v=cos ' (1-2¥%)
Putting x = sin @ gives
vy =cos™ (1 -2sin’6)
= cos™' cos 20
=26
ie, y =2sin'x
Differentiating both sides with respect to x gives

v _.d . _
dx =2E(sm 'x)

Example: 3

Find the derivative of sec™! (tan x).
Solution:
Let y = sec” (tan x)
Differentiating both sides with respect to x gives
dy d
sz - [sec” (tan x)]

_ dsec’ (tanx) dtanx

dtanx dx
_ 1 - sec? B d(sec”'x)
tan x\[tan’x — 1 R ©dx
dy sec’x
dx  tan x[tan’x -1
Example: 4
) e o [ _sin2x )
Find the derivative of tan (__l + cos 2x)"
Solution:

o _sin2x )

Lety =tan (l + cos 2x

Application of Derivatives
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| (2.8in X cos X
=tan J

2cos°x
= tan”" tan x
=y
Differentiating both sides with respect to x gives

dv d
dx dx )

=1

Example: 5

Find the derivative of sinh™ (cos hx).
Solution:

Let y = sin h (cosh x).

Differentiating both sides with respect to x gives

dy _ dsinh (cosh x)
dx dx

_dsinh(coshx) dcoshx
~ dcoshx = dx

&

= cos h (cosh x). sinh x

Example: ﬂ

: d cosn x
Find 2:2: when y = &

Solution:
Here, y= eco:h x

Differentiating both sides with respect to x gives
d d ecoshx

dx dx

__de™™"  d(cos hx)
“d(coshx) dx

=™ sinh x

% =™ sinhx

Example: U

Find the derivative of log sinh> .
Solution:
Let y=logsinh§.

Differentiating both sides with respect to x gives

. X
dy d (log sin h a)

dx dx
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. X X \
d log sinh = vinfe S X
g Sinh . d sinh 4 d (u)

. d(.\_') ©odx
a

|
= e cosh - ; . —1
¢
sinh =
a

L, X
dsinh=
a

dy 1
y i\ == coth

“a
I Example: 8 |

Find the derivative of x “’s"f \

Solution:

Let y=xcoshy

Taking logarithms on both sides gives
logy =log (x)cosh %
= cosh i - log x

Differentiating both sides with respect to x gives

dlogy
:i)x =7x [cosh Z log x]
dlogy d d
or, ;’)y . ?if cosh™ a; (log x) + log x T (cosh )

1d

1
or, y dx cosh—-—+logx sin h

blk

818 |

1
or, 2‘%=y(;cosh§+;logx-sinh

1
% = (x) cosh g ( cosh-+ . , log x. sinh )
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EXERCISE 1(I)

Difficulty Level A

Find the derivatives of:

1. xcot7'x 2. cos ' (4 - 3x) 3.
|
. ] =
4, e sin X S. sec (\]1_—\'2) 6.
7. e.u'nhx

l (1 -x

log (tanh x)
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Ditliculty Level B

Find the derivatives of

X sin”'x sinh =
8 (msh & log x 9. (cosh x)™" - 10.  x*"a
Answers:
1 332 cofx X 2 3 2
. X" cot X s 5 m

6. 2 cosech 2x

3
]+ A1-2
X 1 | 1
L I
% e™x cosh x 8. (cosh

9. (cosh x sin'x l:sin"x. tanh x + M]

\1-2

mhS| 1 . 1
10. xs'""a[—smh":'+zlogx.coshﬂ

=

log x x 1 ]
a) I:a log x tanh T log cosh x

X

aaao


https://v3.camscanner.com/user/download

Application of Derivatives |9

14 Differentials

Let us consider v = f(x) be a function of x, Now
the differential of independent variable x is an small
(arbitrary) increment of x which is denoted by dx = Ax.
Again, the differential of dependent variable y is given
by dv = f(x)dx where /'(x) is the derivative of /(x). As
x is independent variable, dx = Ax but for the
dependent variable y, in general, dy # Ay. Generally,
Ay =f(x + Ax) — f(x) and dy = " (x)dx. In figure, let 4
(v, ») and B (x + Ax, y + Ay) be two points which are
very near to each other on the curve given by y =f (x).
Then, /') =280 o, 9 = 2C
or, DC=AC["'(x)=dxf'(x),ie.,dy=/f"(x) dx [Since
DC =dy and BC = Ay] '

The difference between Ay and dy can be made
very small as taking Ax sufficiently small such that Ay

>

Y

— dy. Here, dy is the tangential increment and that of Ay is the curvilinear increment (Curve increment)

for Ax or dx in x. For example:

Let y=2x" Then Ay =2(x + Ax)* — 2x* = 22" + 4x. Ax + 2(Ax)> — 2x* = 2Ax (2x + Ax)

Again, dy = f'(x) dx = 4xdx = 4xAx (- dx = Ax)

Now, if the side (x) of a square is changed from 3 to 3.02 cm then

Ax=dx=3.02 -3 =0.02, Ay = 2Ax(2x + Ax)
=2(0.02) 2 x 3+0.02)

= (.04 (6.02) = 0.2408 actual change in area
Again, dy = 4(3) (0.02) = 12(0.02) = 0.24, the approximate change in area

Now, error = Ay —dy
=0.2408 - 0.24
=0.0008

Note: :
(i) dx=Axbutdy=Ay
(i) Approximate increase in y is dy = f'(x) dx
(iii) Actual increase in y is
Ay=f(x+ &) ~f(x)

EZ;’ % 100%

(iv) Error % =
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Find an approximate change in Lnsx chang

g from
\\‘(w"r"()".‘
Given, x = 1, Av=dv =098 - | =-0.02
Now, y = l
Y X

Differentiating with respect to 'v'

@ _d )

dx  dx\x
or, 2. 1
YAy T
1

dy =—Lar

_ 1 _ 002 _
= -y (002 = T=002

The edge of a cube increase from 10 cm to 10.025cm. Find the ?szrnx;[‘ﬁ:t:;;c:::le::s in the
volume and the surface area of the cube. Also find the actual incr p centage

error in the approximation.
Solution:
Here, Side of a cube =x where
x =10 and Ax =dx =10.025 - 10=0.025
We have, Volume (V) =x°
Approximate increase in volume,

. v _d
ie. E=E(x3)=3x2

dv
o, o= 3x?
or, dV=23x"dx

or, dV=3(10)*x0.025
.5 dV=3x100x0.025=175
Actual increase in volume
V=x
or, V+AV=(x+Ax)
or, AV=(x+Ax)}’-V
or, AV=(10+0.025)’ -
or, AV=(10.025)-10°
AV =1007.5187 — 1000 = 7.5187
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We know that
CrTo
Ay
Since, error = AV - dV
=7.5187-75= 0.0187

; 0187
So, crror%=%§—7x ]00%=%a)—>< 100% = 0.00187%

L X 100%

error % =

Second part,
The surface area of the cube
S=6x"
Approximate increase in surface area

as d
a=a_-t(6x‘)

ds
or, = 6 (2x)

dS =6 2xdx=6x2x 10 x 0.025
ds=3

Actual increase in surface are
S = 6x*

or, S+AS=6(x+Ax)?

o, AS=6(x+Ax)?-S

or, AS=6(x+Ax)’—6x*

or, AS=6(10+0.025)*—6 x 10

or, AS=6x(10.025)*-6 % 100

or, AS=6x100.50625- 600

or, AS=603.00375- 600

or, AS=13.00375

error =AS—-dRB=3.00375-3=0.00375

0.003 0.00357
and error % =6_Xl_g;5_ x 100% =_6?)0_ x 100%

error % = 0.000625%

1.5 Tangent and Normal

The tangent at a point P to a given curve y = fx) is defined as the
limiting position of the secant PQ as the point Q approaches P along the
curve.

Thus, the tangent is a straight line which just touches the curve at a
given point.

In mathematics, the word normal has a very specific meaning. It
means perpendicular or at right angles. A straight line perpendicular to
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the tangent and passing through the point of tangency is called the normal to the curve.

If a is the angle which is the positive direction of the tangent YA
at P makes with the X=axis, then

dy -
e y=/x)
tana=m PO Notins
Tangent

ie.  Slope of tangent line (m) = % _

Also, since normal is perpendicular to the tangent, P

Slope of tangent % Slope of normal = -1 a %

——

dx * Slope of normal = -1

dx
Slope of normal = — dy

d)
Note : tan a = I{E is also known as the gradient of the curve at the point P(x,y). T

1.6 Equation of Tangent and Normal

Let y =f(x) is a function which has finite derivative f'(x) at x = x,. The curve of a function y = f(x)

. d
may have a tangent at P(x,, y;) whose gradient (or slope) is given by m = tan 6 = (:i}ri) . Now the

atx = x;
equation of the tangent at the point (x), y;) is given by, y —y; = m(x — xy).

Notes:
(1) If the slope (m) = 0, the equation of the tangent will be
y=n=0x-x)=>y-y=0
=  y=yle., a line parallel to x-axis.
(i)  If the slope (m) = tan @ =« (i.e. 8= 90° or 270°). Then the cquation of the tangent will be
y—y=w(x-x)
= w-x=0-p)=0
0 o

=  x=uxie,aline parallel to the y -axis.
(iii) The tangent at P(x, y) is parallel to the X—axis if & =0
) vy
e, tano=0 :>a'x 0
Such a tangent is also known as Horizontal tangent.
Thus, the vertical tangent at P(x), y,) is y—y; = 0.

(iv) The tangent at P(x, y) is perpendicular to the X—axis i.e., parallel to the Y—axis if ='12£

: T
1.e., tan o. = tan 5 =

Such a tangent is also known as Vertical tangent. Thus, the equation of vertical tangent at P(x;, y,) is x —
X = 0.

m CamScanner
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[Example: 3 |
Find the slope of the curve y = 2x — x* at (a) (0, 0) (b) (2, 1). Also find the point on the curve
where the tangent is parallel to the x-axis.

Solution:
Here, the given curve is
y=2 - )
Differentiating with respect to x on both sides we have,

%=2—2’.\'.

Now,

(a) Slope at (0, 0) i‘s%=2—2><0=2

I
N

&'h& S
|

@) Slopeat (2, 1)is%=2-2x2=2-4=—2

For the tangent parallel to x-axis,

@
dx

or, 2-2x=0 =>2x=2
Whenx=1,y=2x1-(1)>=2-1=1 [From (1)]
The point at where the tangent is parallel to the x-axis is (1, 1).

[Example: 4 |
Find the equation of tangent on the curve f{x) =x" — 3x* + x -1 at point (3, 2).
Solution:
We have the curve
y=f®)=x-37+x-1
Differentiating y with respect to x,

d

a‘f =d£x“(x3——3x2+x— 1)=3x"-6x+1

% at (3, 2)

@ _ 3(3)*-6(3) + 1

dx

=27-18+1=10
Therefore, the equation of tangent at point (3, 2) is given by

dy

y=y1=0 )

ie, y—2 =10(x-3)
ie, y—2 =10x-30
y = 10x - 28
Which is the required equation of tangent.
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|Example: 5 |
Find the equation of normal to the curve f{x) =x" + 3x + 1 at (0, D).

Solution:
We have the curve
y=f(x)=x"+3x+1
Differentiating both sides with respect to x,

%=%(x2+3x+1)=2x+3

At (0, 1).

a _ -
gy =20+3=3

Now, the equation of normal at point (0, 1) is given by
d
2@+ E—x)=0

ie, 3-1D)+(x-0)=0

ie, 3y-3+x=0
x+3y=3

Which is the required equation of normal.

[Example: 6 |

Find the points on the curve y = x* — 6x* + x + 3 where the tangents are parallel to the line
y=x+5§

Solution:
We have the given curve
y=x —6x*+x+3 1)
Differentiating both sides with respect to x,

%=%(x3—6x2+x+3)=3x2—12r+1

Now, we have the line
y=x+)5
Slope of line = 1
Since the tangents are parallel to the line, then they must have same gradient.

By

dx
ie, 1=3x-12x+1
ie, 3x—12x=0
ie, 3(-4x)=0
ie, X*—4x=0
ie, x(x-4)=0

Either,x=0 or,x=4
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Substituting the values of x in (1) to calculate the corresponding y coordinates.
When, x =0,
v =0'-060"+0+3
=3
When, x =4,
y =4-64"+4+3
=04-96+4+3
=-2§
So the required points are (0, 3) and (4, —25)

[Example: 7 |

Find the equation of tangents on the curve fix) = x* + x* + x + 1 which is perpendicular to the
line2y +x+5=0
Solution:
We have the given curve
y=_f(x)=x3+x2+x+l (1)
Differentiating both sides with respect to x,

dy d
gf =;f(x)=% P +x+x+1) =37 +2x+1

Now, we have the line

2y+x+5=0
= 2y=-x-95
L. B
= y=-3x-3

Slope of line = —%

Since the tangents are perpendicular to the line, then the product of their slopes are —1.

. dy (l)_
1.e., dxx _2 ""—l
dy_
Pt
So, 2=3x"+2x+1
ie, 3 +2x—-1=0
ie, 3x*+3x-x-1=0
ie, 3x(x+1)—-1(x+1)=0
ie, x+1)Bx-1)=0 :
Either, x+1=0 =x=-1

or, Ix-1=0 =2x=3

Substituting the values of x in (1) to calculate the corresponding y coordinates.
When, x=-1, y =1 +1)*+()+1
=—1+1-1+1=0
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| T\ 2 1
When, x =7, ¥ G) .(—:-) ,.,-3-.,.|

RS e XY

277973
_1+3+9+427 40
h 2 27

1 40
So the points are (-1, 0) and (3 27)
dy
At ((L,0), 5 =342+
=31-2+1=2

1 40 l)

At (3 § 27) =3, 3) t 2 + 1

l _+1 1+2+3
93 3
Now, the equation of tangent at (-1, 0) is given by

14

=3. =2

dy
Yy=-nn =a’i(x—xt)
ie, y—0 =2(x+1)
ie, y=2x+2
2x—y+2=0

1 40
Also, the equation of tangent at (3 27) is given by

ie, 27y—40 =18(3x-1)

i1e, 27y—40 =54x-18

ie, 54x-27y+22=0

Hence, 2x — y + 2 = 0 and 54x — 27y + 22 = 0 are required equations of tangents.

[Example: 8 |

Show that the tangent to the curve ( ) (X) =2 at(a,b)is Ja: % 2.

Solution:
3
We have the curve fx + bé =2

Differentiating both sides with respect to x,

aE %)L
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At (x,y)=(a,b),

Now, the equation of the tangent to the curve at (a, b) is given by

y-b —%u—a)

ie, ay—ab =-bx+ab
i.e, bx+ay =2ab
Dividing both sides by ab,

X X
a+b

Hence, proved.

=2

Solution:

117

[Example: 9 |

Find the equations of the horizontal and vertical tangents to the curve x* — xy + y* =27.
We have the given curve x> —xy +)* =27 0))
Differentiating both sides with respect to x,

4, d & dy_d

ﬁf-ﬁgw+@.k-ﬁan

d d
or, 2x~(xdx+y)+2y 2;3 =0
d d
or, 2x—x2§ —y+2ya‘¥=0
d

or, (2y—x)af=y—2x

&y _y-2x

dx 2y-x
For horizontal tangent, we have

dy_

gl

y=2x _
- 2y-x 0
= y-2x=0 @
Solving (1) and (2)

X - x(2x) + (2x)* =27
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or, 3*=27
x==+3

From equation (2), we gety =+ 6
y==x0

Hence the horizontal tangents at (3, 6) and (-3, —6) are
y=6=0(x-3)andy-(-6)=0(x+3)

ie, y—6=0 andy+6=0

are required equations of horizontal tangents.

Again, for vertical tangent, we have

1 dx
&= 0%a"
dx
2y—x
So, y~2\'=0=>2y_x=0
x=2 3)

Solving (1) and (3), we getx =16
@) -2y +y =27
or, 3y*=27
y=i3
From equation (3)
x=x6
Hence the vertical tangents at (6, 3) and (-6, -3) are x =—6 and x = 6.

|Example: 10 |
Find the equations of the tangent and normal to the curve given by x* — y*> =7 at (1, 2).

Solution:
Here, the given curve is

X-y=1

Differentiating with respect to x on both sides we have,

n-u%=o

or, -2y%=—2x

dy_x
or, = y
Slope of the tangent at (1, 2) is

dy_ . _1
& 2

The equation of the tangent at (1, 2) is given by
y=n=mx-x)
or, y-2=2(-1)

o, 2y-4=x-1
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or, X-2y=-4+|=-3
or, x-2v+3=0
Again, the equation of the normal at (1, 2) is the line through (1, 2) is given by

y-wn "-~l(.\' xy)
m

or, v-2= —ll/" -1

or, v-2=-2(x-1)=-2x+2

or, x+y=4
The required equation of the tangent at (1,2)isx -2y +3 =0
and the equation of the normal at the point is 2x + y = 4.

1.7 Angle between Two Intersecting Curves

If two curves intersect, the angle between them is defined by the
angle between the tangents to the curves at the point of intersection.

The process of finding (or obtaining) the angle between two
intersecting curves.

(a) At first, solve the given equation of curves to get the point
of intersections.

(b) Secondly, find the slopes of the tangents say m, and m, at
the point of intersections.
Then,
Case-I: If m), = m,, the angle of intersection is ¢= 0°.

Case-II: If m; =— 1 , the angle of intersection is ¢= 90° otherwise
my

_m—m;
tan ¢ T
; SR /[ et (8
ie, @=tan (1 oy

[Example: 11 |

Find the angle of intersection of the parabolas y2 =4xand x* = 4y at their point of intersection
other than the origin.

Solution: 12
We have the given curve !

Y =ax ) 2=4y | .. 4,4
Iy . x2=4y |. .-(’)

V. We et ':
y2

3 -«

= x'=64x
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= x'-64x=0

= x(x'-64)=0

Eitherx=0

or, ¥-64 =0=>x=4°
=>x=4

When x=0, y=0

When x=4, y=4

Here, (0, 0) and (4, 4) are the two points of intersection of the parabolas.
Now, Differentiating (1) with respect to x,

' dy d

& =@
= 2y%=4

dy _2

dx "y

2 1
At (4,4), %=z=5 (m, say)

dx " dx
dy _x
d 2

dy ¢
At(4,4), 5= % =2 (m, say)
Let 0 be the angle between two parabolas, then

L _m_x—_ml_)
0 tan (il+m1m2

3-2
=tan” 1
1+5.2

3
PP | —_2 _ -I( ﬁ)
=tan |* 2 =tan | £ 2

Hence the angle of intersection of two parabolas is 8 = tan™' + (:23- )
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~ EXERCISE - 1(I)

Ditticulny Lovel \ - B

10.

11.

12.

13.

14.
15.

16.

Find approximate change (dy) in x' as x change from 5 to 5.01.

A circular copper plate is heated so that its radius increase from 5 ¢m to 5.06 ¢cm. Find the
approximate increase in arca and also the actual increase in area.

Find the approximate increase in the surface arca of a cube if the edge increase from 10 to 10.01 cm.
Also calculate the percentage error in the use of differential approximation.

Find the approximate increase in the volume of a spherc when its radius increase from 2 to 2.1. Find

also the actual increase and compare the two values.

2
Compute Ay, dy and Ay — dy when y = ‘5‘ + 3x where, x=2 and dx = 0.5 (or, x change from 2 to 2.5)
Find the slope and the inclination with the x-axis of the tangent of the curves:

(@) 2y=2-x*atx=1 (b) x*+)*=25at(-3,4)

Find the equation of tangent to the given curve at the points indicated
(@) fix)=3x"-2x+4 at(0,4) .-

() fxX)=5+12x*-7x at (-1, 14)

Find the equation of normal to the given curve at the points indicated.
(@) fix)=x*+3x+1at(4,29) (b) fix)=2¢"-5x+4at(-1,7)
Find the tangents and normal to the given curves at the given points:
(@) y* =4ax at(a,—2a) () x*+)*=25at(3,-4)

() X**-y'=7at(4,-3) @ y=x-2x*+4at(2,4)
Find the points on the curve:

(@) y=x—3x"—9x+ 15 where the tangent is parallel to the Xaxis.
(b) y=2x—x* where the tangents are parallel to the x-axis

(c) Find the point on the curve y* = 4x + 1 at which the tangent is perpendicular to the line 7x + 2y

=10
Find the equation of tangents to the curve f{x) = x’ — 5x” + 5x — 4 which is parallel to the line
y=2x+1. -

Find the equations of the horizontal and vertical tangents to the curve
y=@x-2)(x-3).

Find the angles between the intersecting curves —~ .

(@) y=x"andx=)" (b) y'=xandy=2x

Find the angle of intersection of the circles x’~4x+y” = 0 and x*+y” = 8.

Find the points on the circle x* + y* = 16 at which the tangents arg parallel to the

(a) x-axis (b) y-axis.

. _ 4
Show that the equation of the tangent with non—zero slope m to the parabola y* = 4ax is y =mx + -
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ANSWERS

10.

11.

13.

(b)
14.

0.75
1.2 em?, 0.0001%

2.625, 2.5, 0.125
(@ m=-1,0=135°

(@ y+txr=4
(@ y-16x+23=0
(@) x+y+a=0,x-y=3a

2. 0.6 cm? 0.6036 7 cm?.

4. 16m, 5'244 n, 0.9516

(b) m =%, 0=tan G’_‘)
(b)) y+16x+2=0

() y+16x+2=0

(b) 3x—-4y=25,4x+3y=0

() 4x+3y=7,3x-4y=24 (d 4x-y=4,x+4y=18

(@ (-1,20);3,-12)
© =027

b &»=(11)

27y-54x+95=0,y—-2x+13=0 12. y=0,27y-4=0

(@ O=tan’! (%) |

0 =tan (2) at (0, 0) and 0 = tan™ G) at (4, 8)

45°

15.a) (0,#4), ()  (#4,0)

aaa
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1—173 Increasing and Decreasing Functions

Derivatives has many applications. For example, rate measure, finding the nature of a functions
and sketching their graph, find maximum and minimum value of a function, finding slope of tangent at a
point etc. But here, we confine to find the maximum and minimum value of a function at a point. For this,
we use derivative to find whether the function is increasing or decreasing in an interval and whether a
function is concave upward or downward in an interval.

A function f'(x) is said to be increasing in an interval (a, b) if x; <x; = f (1) <f(x;) forall x,, x; €

(a, b).

, A function f{x) is said to be decreasiné in an interval (a, b) if x; <x2 = f(x)) > f(xp) for all x|, x; €
(a, b).

Y Y
A A

f(x1) S (x2)
L N
ol a X1 X 1; X o
Increasing in (a, b) Decreasing in (a, b)
Here we use the derivative to test increasing and decreasing function
Y Y
A A
0 e R 5
0 e 0 x
6 <90° 0>90°
.. tan 0 is positive, i.e. f (x) > 0 .. tan O is negative i.e. f'(x) <0

a) If f'(x) > 0 for all x € (a, b) then f (x) is increasing on (g, b), in this case slope of tangent in
(a, b) is less than 90° and hence is positive.

b) If /'(x) <0 for all x € (a, b) then f (x) is decreasing on (@, b) in this case the slope of the
tangent in (a, b) is greater than 90° and hence is negative.

Critical Point (Stationary point)

If £ (x) = 0 at x = a then the function is neither increasing nor decreasing. In this case the tangent
of the curve at x = a is parallel to x-axis. The point where f '(x) = 0 is called stationary point or critical
point. In other words, a point which divides the increasing and decreasing of a function is called critical
point. At this point tangent is parallel to the x - axis as shown in the figure.


https://v3.camscanner.com/user/download

24| Engineering Mathematics - Il

Y Y

A
\- 1) =0 : /IN
Tangent
P

0 FAX 0
[Example: 1 |
Find the interval in which the function f{x) = 5x’~135x + 22 is increasing or decreasing.

Solution:
We have, f(x) =5x° - 135x+ 22
Differentiating with respect to x, we get
1) =152%-135 =15(*-9) =15 (x—3) (x +3)
Here, f'(x) > 0 for x € (3, ) and x € (— o, — 3). So, f(x) is increasing on (— c, —3) U (3, =) and

decreasing on (-3, 3) because f '(x) < 0 in the interval (- 3, 3).

1.9 Concavity of Curves

Thé graph of the function y = f'(x) defined in an interval (a, b) is concave upward if each point on
the graph lies above any tangent to it in that interval. But if each point on the graph lies below any tangent
to the curve in the interval, then the graph of the function is said to be concave downward.

Y Y

A A

\_/

Concave upward Concave downward

0 - X ol > X

The second derivative corresponds to the curvature or concavity of the graph. Here we use the
second derivative to test concavity of curve. The sign of the second derivative gives us information about
its concavity. If the second derivative of function f(x) is defined on an interval (a, b) and f"(x) > 0 on this
internal then the derivative of the derivative is positive. Thus the derivative is increasing and the graph is
concave upward.

Y

A

S"(x)<0

Point of inflection

repo [9=0
o X

(a)  Iff"(x)>0 inan interval (4, b) then f{x) is concave upward in that interval.
(b)  Iff"(x) <0 in an interval (a, b) then f(x) is concave downward in that interval.

CamScanner
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Point of Inflection

If /"(x) = 0 at point x = @ then this point separates the portion of the graph which is concave

downwards from the portion which is concave upwards. Such a point is called point of inflection.

[Example: 2|

Determine where the graph of the function is concave upwards and where it is concave
downward f°(x) =x* - 2x* + 5. Also find the point of inflection.

Solution:

Here, f(x)  =x'-2'+5
) =4-62?
@) =127 - 12v=12x(x-1)

Here, /"(x) > 0 in (—o0, 0) and (1, ) so, /' (x) is concave upward in (oo, 0) U (1, ). Also, f (x) is
concave downward in (0, 1) because /" (x) < 0 in this interval. Also, for point of inflection,

S"(x)=0 ie,12x(x-1)=0
Eitherx=0 of, x-1=0
Hence, x = 0 and x = 1 are points of inflection.

1.10 Maxima and Minima

A function y = f{x) is said to have maximum value or maxima at x = a if fla) > fla + h) and

fla) > fla — h) for small positive value of 4.

A function y = f{x) is said to have minimum value or minima at x = a if fla) < fla + h) and

Ala) < fla — h) for small positive value of 4.

The maximum and minimum values at some point in the curve y = f(x) are called local maxima

and local minima respectively.

Y ; Y
A f1@)=0 A
f”(x)>9/— NACR 1)

@ y=r() T

f(ah) | f(a+h) fan| V@|f@+h

0 éz—h & a+}1 > X 0 a-h a ath ~ X -
f@)>flath fla)<flath)

Maximum 7 Minimum

Use of Derivative for Maxima and Minima

(@)
(b)

If £ '(x) = 0 and f "(x) < 0 at x = a then the function f{x) is maximum at x = a.
Iff'(x) =0 and f “(x) > 0 at x = a then the function f{x) is minimum at x = a.

Steps to Find Maxima or Minima (Extreme Values) of the function y = f(x)

(1
@)
3)
(4)

&)

Find f(x) and f " (x).

For maxima and minima, f '(x) = 0 and find the values of x.

Put these values of x in f"(x).

(@) Iff"(x) <0 atx=aq, then f{x) is maximum at x = a and the maximum value is f{a).
(b) Iff"(x)>0atx=a, then f{x) is minimum at x = a and the minimum value is f{a).
If f/(x) # 0 for any value of x, then there is no maxima or minima.
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|Example: 3|
Find the maxima and minima and point of inflection of the function
A =20 - 15¢% + 36x + 5 [CTEVT 2063, 065 B, 066, 066B]

Solution:
Wehave, flx) =2¢"— 15 +36x+5
f'x) =6x"-30x+36
£ ") =12x-30=6(2x - 5)
For maxima and minima
£'®=0
or, 6x*—30x+36=0
or, x*-5x+6 =0
or, X-3x-2+6=0
x-3)(x-2)=0
Either x=3orx=2
When x =2, "(x) =24 — 30 =— 6 <0. So, f(x) is maximum at x = 2 and the maximum value is
f(2) =2x2°-15%x22+36x2+5=16-60+72+5=33
When x =3, f"(x) =36 —30 = 6 > 0. So, f(x) is minimum at x = 3 and the minimum value is
f(3) =2x3*-15x32+36x3+5
=54-135+108+5=32
For point of inflection, we have
f"(x) =0i.e.,6(2x-5)=0

x= 5 is the point of inflection.

[Example: 4 |
Find the minimum value of x’y when x +y=17.

Solution:
Letu =x’yAlsowehavex+y=7=y =7-x

Thus, u =37 -x)=7T*-x*

«? Now, @ 14x — 357
2
%= 14 - 6x

. .. du
For maxima and minima we must have, e 0.

So, l4x-3x=0
or, x(14-3x)=0

Either x=0 or, x=l3i

When x=0 gzx'z 14 > 0. So, u is minimum at x = Q and the minimum value is
u(0) 702-0°=
14
Whenx—— %3 =-14<0
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) . 14 : . .
So, # is maximum at x =—3— and the maximum value is {
(4)- 7 (ﬁ)z (ﬁ)z_wz
“\3)° 3) “\3) 7 27
[Example: 5 |

A gardener who has 144 ft of fencing wire wishes to enclose a rectangular garden. Find the
maximum area he can enclose.

Solution: A B
Let x and y denotes the length and breadth of the rectangular garden.
Then, according 10 given condition.
2x+y) =1
(x+)) =144 " e
x+gd =72 X
y =T2-x

Let A4 be the area of the rectangular garden which is to be maximize.
Then, 4 =xy=x(72-x)=72x-**
Differentiating both sides with respect to x, we get

d4
o =72 -2

2
Again,%x% = 2<0

For maxima and minima

dA

e 0
72-2x =0 S.x=36
Also, y =72-x=36

) .
Again atx =36, % < 0 so, 4 is maximum when x = 36.

The maximum area = xy = 36 x 36 = 1296 sq.ft.
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EXERCISE 1(III)

Level: |

Define increasing and decreasing functions.

Define about point of stationery (i.e. critical points). In which condition does the point of
inflections be obtained?

Write the conditions to have a local (a) maxima (b) minima, of a function f (x) at a certain point in
some interval.

Find the critical points of the functions below:

@ f)=x" -3 +5

()  f()=2"-15x* +36x+9

© fO)=x' -4 -2 +12x+7

Test whether the given functions below are increasing or decreasing in the given intervals.

(@ 2x° +9x% +12x+20 [() x> =1 (i) x < = 2 (iii)) =2 < x < =1]

(b) 2x —15x* +36x+5 [() x <2 (@i)x> 3 (iii) 2 <x < 3]

‘Find the point of inflection of the functions:

(@ f(x)=x -12x+8
b) fx)=2" -3 +36x+1

© f@=x+12 -1

Difficuity’Level: B

7.

10.

11.

12.

13.

14.

Find the intervals in which the following functions are increasing or decreasing.

@ f@)=3x"-6x+5 ®) f)=x -37+]1
Determine where the graph of following curves are concave upwards or concave downwards.
@@ [f)=x-3x"-9%+9 b)) fE)=x'-22+5

© f)=x'-6x"-8x+10
Find local maxima and minima of the following functions. Also find the point of inflection.

(@ Tm=x-3%+9 ) f(x)=2x— 157 +36x+ 11[CTEVT 2073]
© f)=x-27+x+6 d f=4"-152+12x+7
@ f)=x-3x+4 0 [ =x"-142+24x+1

Find the maximum and minimum values of the function f (x) = x* — 4x* - 2x* + 12x + 7. Also find
the point of inflection. [CTEVT 2068]
Find the local maximum and minimum of the function y = 4x® — 6x* — 9+ 1. Also find the point
of inflection. \ [CTEVT 2064]
Find the minimum value of ;
(a) x2+y2whenx+y=6 (b) x+ty=a

Show that function x* — 5x* + 5x° — 1 is maximum when x = 1, minimum when x = 3 and neither
when x = 0. -

Find the maximum area of rectangular plot of land which can be enclosed by a rope of length
60 m.
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A wire of length 36 cm is to form a rectangle find the dimensions of rectangle so that it has the
maximum arca.
A gardener having 120 meters of fencing materials wishes to enclose a rectangular plot of land and
also to erect of fence across the land parallel to two of its side. Find the maximum area he can
enclose.

[ ANSWERS ]
4. (@ x=0,2 (b)) x=2,3 (c) +1,-2
5. (a) (i) Increasing (ii)  Increasing (iii) decreasing

(b) (i) Increasing (ii)  Increasing (iii) decreasing

(@ x=0 () x =% (c) does not exist

10.

11.

12.
15.

(a)  Increasing (1, ©), decreasing (— o, 1)

(b)  Increasing (— o, 0) U (2, ), decreasing (0, 2)

(a) Concave upward for x > | and downward for x < 1.

(b)  Concave upward for x <0 and x > 1 and downward for 0 <x < 1.

(¢) Concave upward for x> 1 and x < | and downward for— 1 <x<1.

(a) Maximum value is 9 at x = 0 minimum value is 5 at x = 2 point of inflection at x = 1

(b)  Maximum value is 39 at x = 2, minimum value is 38 at x = 3, point of inflection at x =

(c) Maximum value is %?7—6 atx =3, minimum value is 6 at x =1, point of inflection at x =

YL Nlwn

. . 39 . . . .
(d) Maximum value is 7 atx =75, minimum value is 3 at x = 2, point of inflection at x = 2
(e) Maximum value is 6 at x = 1, minimum value is 2 at x = 1, and point of inflection at x =0

()  Maximum is value is 12 at x = 1, minimum value is 9 at x = 2, minimum value —116 at x =

—3, point of inflection at x = ++J7/3 .
Maximum value is 14 at x = 1, minimum value is — 2 at x =— 1 and x = 3 and point of inflection at

123

x=1+73
; s & | . =25 Py ; ; 1
Maximum value is 5 at x = -2, minimum value is —~ at x =7, point of inflection at x =7
4 (2
(a) 18 (b) max. value =2i7 at (‘32, %) : 14. 225sq.m

[=9,b=9 16. 600 m”
aaa


https://v3.camscanner.com/user/download

30| Engineering Mathematics - Il

1.11 Rate Measures e j

In our practical life the components are interrelated (or interconnected). That is, the change in one
of the components affects to the another component. Such as while driving a vehicle, as the force
increases the acceleration will be increased. Similarly, if the price of an article (or commodity) is
increased, then its demand will be decreased. Likewise the heavy rainfall possibly causes the land-slides
and harmful floats and so on. Thus in the eco-system of surroundings, the change of one of the
components causes the change of another component. The change of independent component causes the
change of another component. The change of independent component changes the dependent component.
In the above examples, the force is the independent variable whereas the acceleration of the vehicle is
dependent variable. Similarly the price of a commodity is independent and that of its demand is the
dependent variable. Thus in practice of mathematics, the rate measure is invented as a tool of
measurement of the rate of change of dependent va(riable with respect to the rate of change of independent
variable. Thus the rate measure can be defined as the rate measure is a tool which measures the rate of
change of dependent variable (say y) with respect to the rate of change of independent variable (say x)

dy’ . : d
denoted by a‘f . In the earlier chapter, we had discussed that ;1% measures the slope of tangent to a curve as

; ; 5 . St e (. 4y
well as it measures the velocity of a moving particle on a straight line. But now we can apply it | 1.e. =

to measure the rate of change of components and hence called the rate measure. Here, we are going to
deal with some examples involving this view point.

Note: ]
1. Circle: i) 4= o (i) e=2m
4 - g
2. Sphere: (i) V=73 (i) s= 4;17“\
3. Cylinder: () V=m? i) s=2nr(r+h)>
ylinder: (i) V 1:1 h (i) s=2nr(x h) N
4.  Cone: i) V=3n’h (ii) s=mnr(/+r) where /= slant height
5.  Cube: Q@ v=>P (i) S=6F
6.  Cosine law: a® =5 + ¢” — 2bccos4 and so on.
where, V = volume, 4 = Area, s = surface area
¢ = circumference of circle, » = radius
I =side, h = height >
|[Example: 1 |

If the side of a cube is increasing at the rate of 0.5 cm/sec, find the rate of increasing of its (a)
surface area when the side is 3 cm (b) volume when the side is 4 cm.

Solution:

Let x = side of the cube, s = surface area and ¥V = volume.

Given that % = (0.5 cm/sec
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I
(a)  Here, x =3 cm (given), = 7

We have, s = 6x°
Differentiating with respect to time ¢ we have,

as_ 5, 4 0.5 =
= 12% g =12%3x05=18

: . . . ds '
The rate of increase in surface arca is "y = 18 sq-ecm/sec.

V
(b) Here, sidgx) = 4 cm and % =7

We have, V=x"
Differentiating with respect to time ¢, it gives

dv

_a 28X _ 2
T —3x2dt—3><(4)><0.5

=3x16x%0.5
=48 x 0.5 =24 cm’

The rate of increase in volume is ddI: =24 cm’/sec.

[Example: 2 |
Gasoline is pumped into a vertical cylindrical tank at a rate of 32 cu.ft./min. The radius of
the tank is 4 feets. How fast is the surface area rising [CTEVT 2061/066 R/B]
Solution:

Let »=radius of the tank
h = height of the water level and
V = volume of water in the tank in time #

Given that 14 =32 cu.ft/min, r =4 ft.

dt

Here, V= o*h
dv dh_ zdh dh
Now, o=’ r=n@) =16n"

or, 32= 167rz

dh
i ﬁ/mm

T
[Example: 3 |

A spherical ball of salt dissolving in water decrease its volume at the rate of 0.75 ¢cm?/min.

Find the rate at which the radius of the ball is decreasing when the radius is 6 cm.
[CTEVT 2071 R/B]

Solution:
Let V= volume of the spherical ball of salt in time ¢
r = radius of the ball
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dV , : . . :
Here, given that == i 0.75 em“/min |- sign in the fact that the volume is decreasing]

!

“‘ 2and »=06cm

Now, ‘:,: ‘;n 31’3:
=4m'2%
or, ‘fi'l 4;r(6)2d’ =4 x36 n%
=144 n:i;;
or, -0.75=144 n%
dr 075 15 1

OL @t~ 144z 144007 1927

. ooe G d
The rate of decrease in radius i.e., i —lgzncrn/mm

[Example: 4 |

A man of 6 ft. height walks away from 12 ft. lamp post at the rate of 4 ft./sec. How fast is his
shadow lengthening when he is 21 ft from the post?

Solution:
In figure, AB = lamp post of height = 12 ft.
CD = man of height =6 ft.

D be position of man in time ¢ and E be the end of shadow.
Let BD = x and DE =y then BE = x + y. Since AABE and ACDE are similar. So we have

AB_BE ;
CD DE
12 x+y
or, = C
6
12 ft
+
or, 2=x__)1 6 ft
Yy
or, 2y=x+ty 1
or, y=x B<—x—>D<—‘y——>E
dy _dx
Now, 2/ =

Whenx=21,%—4ﬁ/sec

dy _dx_
dt = di 4 ft./sec.
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If the area of a circle increases at a uniform rate prove that the rate of increase of the
perimeter varies inverscely as the radius. [CTEVT 2065 R/B, 2066 R]

Solution:
Let, r=radius of the circle in time ¢
¢ = circumference of the circle in the r and
A = arca of the circle.

; A ; 4
Here, given that , ‘d—l =k, (i.c. uniform rate)

We have, 4 = m? (N
c=2m @)
From (1),
d_ dr
dt <" dt
_,_dr
or, k=2mr d
ar_ k_
dt 2mr (3)
Again, from (2)
de_, dr
dt~ “"dt
dc k .
or, T =27x pp [ Using (3)] ’
de_k
¥ dt r
de
or, - kr

3 . . de . . .
This shows that the rate of increase of perimeter ", varies inversely as the radius.

[Example: 6 |

Water flows into an inverted conical tank at the rate of 24 ft’/min. When the depth of water
is 3 ft, how fast is the level rising? Assume that the height of the tank is 6 ft. and the radius at
the top is 1 ft.

Solution: B o
Let ABC be the conical tank where, AD = height of the tank = 6 ft.
AE = height of water level in time 7 =3 ft.
DC = radius of the tank at the top =1 ft.
Also, let & = height of water level = AE Tﬂ
r = radius of water surface at time ¢ = EF., _ :1

and ¥ = volume of water in time ¢

Here, given that ‘fl_lt/ = 24 cu.tt/min.
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dh
— )
nmlh ]
In figure, since AEF and ADC are similar triangles.

o have, 4E _ EE
So, we have, “AD " DC

—

or,

> o>

6r

Il

or,

=

1
J~6h=
Here, we have V= -;- oh

_L (kY
or, V= 3 6) h

1L
o V=3m36=Tx36
AV 3at dh g _
Now, 57 dr _3x365"3—6(3)2 [~ h=3 given]
3 _dh_xdh dv ]
or, 24= 6 A=A dr [ ar =24 given
@_4"_24_9_6
or, 4 = =
(]
%='9;6ﬁ./min

|[Example: 7 |

An aeroplane is flying above a town horizontally at a height of 2/3 miles with velocity 15
miles/ hr. Find the rate at which it is receding from a fixed point on the ground which it
passed over two minutes ago. [CTEVT 2065 R]

Solution:

Let O be a fixed point, OP be the height of plane which is flying
horizontally above O (a town) from P to Q i.e., Q be the position

. 2 p&e——x——>»-Q

of the aeroplane at time t. Also let PQ = x, OQ = S. Here OP = 3 T >
. dx I
miles and @ 15 miles/hr. 23
. miles S
Now, PQ = x = distance covered by the plane in 2 minutes _
IS 15, 2 1 i

or, X=g 2 = o miles. J

In AOPQ,
(0Q)* = (0P)* + (PQ)’
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or, St = (%)‘4. 3 (1) P‘.‘ 15 miles/hr. means ]
) 60 minutes = 15 miles
: 4 2 | minute = 15/60 miles
or, §= 9t (; [+ x=1/2]
= . 1522 1 .,

2 minutes = —— = — miles

or \‘:_—_i+l_w._25_(_5.)2 L % 4 .

Y 974 36 36 \6

5 .
S= 3 miles

Differentiating (1) with respect to . It gives,

das _ dx
284 =0+ 2Ty

or as_ dx

’ dr ~~ dt
5dS 1

oL gdr2x15
ds_15_6_

oL =7 X579

ds ;
= 9 miles/ hr.

EXERCISE 1(IV)

Difficulty Level: A

1. The radius of a circle is increasing at the rate of 1.5 cm/sec. Find the rate of increase of its (a) area
when the radius is 2 cm (b) circumference.

2 If the side of a square is increasing at the rate of 5 m/secs find the rate of increase of its (a) area
when its side is 3 m (b) perimeter.

3 The radius of a circle is increasing uniformly at the rate of 0.3 cm/sec. At what rate is the area
increasing when the radius is 10 cm?

4. A spherical balloon is inflated at the rate of 10 cubic inches/sec. At what rate is the radius is
increasing when its radius is 1 inch?

Difficulty Level: B

5. A spherical ball of salt is dissolving in water in such a manner that the rate of decrease in volume
at any instant is proportional to the surface. Prove that the radius is decreasing at a constant rate.

6. Water is poured into a right circular cylinder of radius 2 ft. at the rate of 20 cu.ft./min. Find the
rate at which the level of water is rising in the cylinder.

7. Water is pumped into a right circular cylinder of radius 8 cm at the rate of 18 cm®/min. Find the
rate at which the level of water is rising in the cylinder.

8. If dry sand spills to form a conical pile with height equal to its radius of the base, how fast is the
height increasing when the height is 3 ft. and the sand is being added at the rate 2 cu. ft/min?

9, If the volume of an expanding cube is increasing at the rate of 4 cu.ft/min., how fast is its surface
area increasing when the surface area is 24 sq.ft.?
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10.  If the volume of an expanding cube is increasing at the rate of 24 cm’/min, how fast is the surface
arca increasing when the surface arca is 216 cm™?

11.  Two acroplanes in flight cross above a town at 1:00 p.m. one plane travels east at 300 miles/hr, the
other north at 400 miles/hr. At what rate does the distance between the planes change at 3:00 p.m..?

12. Water flows into an inverted conical tank at the rate of 27 cu.ft/min. When the depth of water is 2
fts. how fast is the level of water rising? Assume that the height of the tank is 4 fts and the radius
at the top is 2 fl.

13. A kite is 24 meters high and there are 25 meters of cord out. If the kite moves horizontally at the
rate of 36 knvhr directly away from the person who is flying it, how fast is the cord paid out?

14. Two cars start at the same time from the junction of two roads one on each road, with uniform
speed of V miles/hr. If the roads are inclined at 120°, find the rate of increase of distance between
the two cars.

ANSWERS
1. (a) 67 sq. cm/sec (b) 3zcm/sec
2. (@)  30sq. m/sec (b) 20 m/sec
2 5 b4
3. 6z cm/sec 4. D inches/sec
T
5 . 9 .
6. ”ﬁ/mm 7. 32”crn/mm.
8 2 ft/ mi 9 8 sq.ft/min
. g, [/ min A q.

10. 16 sq.cm/min , 11. 500 miles/hr
5 i

12. ;7ﬁ/min 13. 10.08 km/hr

14.  A[3 V miles/hr

aaa
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1.12 Indeterminate Forms { j

In caleulus, we face determinate and indeterminate forms in calculating limits, A mathematical

CXPI“T'UII. having a single number or infinity while evaluating limit, is called a determinate form. For
example,

m 2v+3 2x1+43 243 5
¥X=2lx+1 "™ (47 = 3 =3

. A mﬂtlhematical eXpression, that does not possess a single (number) value while operating the limit
is called the indeterminate form. Moreover, an indeterminate form is a mathematical expression involving
f{f mo_st 2 of 0, _1 or o after evaluating the limit. In other words, on the process of evaluating the limits of a
function sometimes it may have the results which can not possess a fixed number (i.e. a definite number).

In this §asc, the results are said to be in indeterminate form. We discuss about the different indeterminate
form with examples as below:

There.are seven indeterminate forms: %,2 ,00—00, 0 x 0, 0° 1% and o°. But here we discuss only
(o 0]

. . 0 ©
two indeterminate forms pand  according to the syllabus. For examples:

im -1 1P-1 1-1

gzl 1=l 0
=0

x—1x-~1 1-1 -1

Note:

The expression © +®=w, <w-mw=-mn, 0*=0, 0" = 0, 0 X 00 = ¢0 are the determinate forms.

1.13 Evaluation of the Indeterminate Forms

(a)  Factorization method

If the limit takes form%or-og while giving the limit, first it can be evaluated by factorization (or
0 :

simplifying then we use the given limit to find the required limiting value.

o, Mm -9 .

Here let us see an example, Fouiy3 gad . . _\
lim (x-3)(x+3)

“¥3 Fo3) ori=6
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(b)  Rationalization Method

Consider the example,

lim \I\ +a—\/3\— 0
(6 fonn)

X—a X—a

lim (\[.\' +a-1/3x-a) (\Jx + at \/3x - a)

B x—a (x-a) (\].t+a+\f3x—a)

B lim xta-3x+a

- x—a (.\'—a)(\lx+a+\/3x—a)

3 lim -2(x—a)

B xX—a (x- a)(\’x+a+\j3x a)
lim

x——)a(\/x+a+‘\,3x a)
) \/_&+\/_5 2@ \/Zz

(c)  Using the formula

For all rational values of n,

lim X"-4"
xX—ax—a

= ng"!

For example, we have
lim ¥*?-a” _

XxX—>a XxX-—a

Il
w
QJN

L' Hospital's Theorem

If £(x) and g (x) are continuous functions with their derivatives f'(x) and g'(x) at x = a such that

f(a)=g (a)=0, then

lm fG)_ lm {()_fa)
x>agh) xa g6 8@’

provided that g '(a) # 0.

Note:
Iff'(a) =g' (a) = 0, then

lim f(x) _lim f'(x) f"(a)
x—agx) x—>ag"(x) g'la)’

the process.

and so on.

|

|
|

\ fand 0 ; ;
That is, When the limit takes*aform, then differentiatc Numerator and denominator separately |

with respect to the given variable there in, and put the limit. If again takes%form, then repeat |

CamScanner
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[Example: 1 ]

Evaluate

Solution:

lim x'-27
X—3 x-3

0
It takes (5 form when x — 3. Using L' Hospital's Rule, we get

lim 3x’-0
x—=>31-0

3 x 3?
=T =3x%9=27

Note: We can evaluate this problem by factorization method and by using formula also.

[Example: 2|

Evaluate

Solution:

m 3- +9
x—0

0
It takes 0 form when x — 0. We have,

lim 3—;£;+9_ lim 3-+X+9 3+\I? +9
x>0 x50 ¥ 34249
lim 9-x*-9
x—>0x2(3+\[;z +9)
lim lim
x—>0x2(3+\/x’+9) x—>0 3+\/? +9
el
3+\/5+_9 3+3
[Example: 3|
4x’ —5x
Evaluate | | 37—
Solution: We have
lim 4x*-5x © )
xX—>w 3- oofonn
_3
lim x .
= 1wl (dividing by x°)
I
4-3
_ © 4-0 4_ 2
3 = =_Z=-
;5—2 0-2 2
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[Example: 4 |

Evaluate:

lim

Solution:

Evaluate

L +logx—x

x—=>1 1-2x+x

lim 1+logx—x

Here, \ , 1 T—2v+x

lim

e

x—> o X

o= 1

x510-2+2x x—1

lim

Solution: It takes 3 form. So we have,

Evaluate

lim ¢
x—>0x
lim &
x—02x

x—0

Solution: We have

I

lim xcosx—log(l+x)

lim xcosx—log(1+x)

x—0

cosx—Xxsinx—

lim

1+x

x—=0

. . 1
. —sinx—sinx-— +
lim b e (1+x)

2x

1
-1

X

-2+ 2x

1

[% formasx — l]

o]

(L' Hospital's Rule)

Gom)

(L' Hospital's Rule)

0—0+m

x—0
1

2

2

2
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Evaluate litn L

x—>1 x-
Solution: We have

1
lim X1 0
xo1x-1 (afoml)

= . e [ From L' Hospital's Rule]

Compute

-

X—7r sinx

Solution: We have

lim £-7 0
xX—> 7 sinx (6 form)
lim 2x-0

- X —> T COS X
27

- cos

- _2_—;t=—27r

Evaluatexh;l)nw WX +1-4x"-1)

Solution: We have

li
o WFFT-AT=D) [(o—o0) form]

lim (\[x2+l+\[x2_)_
ST = e
~ lim _X+1-x+1
T x| F+1+P -1

lim 2 2 2
- x—)do(-\/xz+1+-\]x2—l)=oo+oo=;=0'



https://v3.camscanner.com/user/download

42| Engineering Mathematics - lli

[ Example: 10 |

Evaluat - ——,—l
Vit x 0 (;T sin x)
Solution: It takes oo — oo form.

We have,
lim
x=>0\7 sinzx)

" o2 2
lim (sin’x —x") (% form)

x—>0 xTsin'x

lim 2sin x cos x —2x Usi ' T
= - Using L' Hospital's Rule
x = 0 2x sin’x + 2x* sin x cos x [ g P ]
_ lim sin 2x - 2x (_Q )
B x — 0 2x sin®x + x* sin 2x 0 form~
_ lim 2cos 2x—2
B x = 0 2sin’x + 4x sin x cos x + 2x sin 2x + x* 2cos 2x
_ lim 2cos 2x —2
- x = 0 2sin®x + 2x sin 2x + 2x sin 2x + 2x° cos 2x
_ lim cos 2x—1 (Q P )
x = 0 sin“x + 2x sin 2x + x*cos 2x g ot
lim —2 sin 2x

x = 0 2sin x cos x + 2 sin 2x + 4x cos 2x + 2x cos 2x — 2x* sin 2x
[~ From L' Hospital's Rule]

lim —2 sin 2x
x — 0 3sin 2x + 6x cos 2x — 2x"sin 2x

—4 cos 2x
6 cos 2x + 6cos 2x — 12 x sin 2x — 4x sin 2x — 4x* cos 2x

—4 cos 0 -4 1

6cos0+6cos0—-0-0-0 12~ 3"

EXERCISES 1 (V)

Difficulty Level: A
1. Evaluate the limits

lim ¥*-16 lim sinx
@ . 54 x4 (b) x—>0 x

lim 5/ -47 -1 lim fanx-x
© ;5170-7-92 (d) x—0x—sinx
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© lim x" lim tan 5x
xX— oo (N Xy tan x
lim ¢ -x- | lim ¥ —2x +2x-4
® x>0 X (h) x=>1 xX-5x+6
Difficalty Level: B
Evaluate the following Limits
cos L
lim ' =2x*+2v—4 lim 2
() x—o2 x-5x+6 (b) X>nT T—-X
lim logt-1 lim xe —log (1 +x)
(c) I>e t—e (d) X —> O
lim log (1-x%) " lim cos hx - cos x
© x—>0 logcosx ® x>0 xsinx
lim /23 lim x—sin'x
(2 2 (a—x)tan (ﬂ) (h) =50 sy
i lim x*—sin’x . lim x—sinx cosx
® L0 ® L0
Evaluate
lim 1 lim 1 ]
@) x—)O(;—}tT) (b) x—)O(;—PIOg(1+x))
e tan 5x lim
© x—>5 tanx ) x—>0 sin x log x'
Iim &€ —e™=2x lim tanx—x
(¢ x=0 x-—sinx ® x—0 x" tanx
ANSWERS
-3
(@ 8 (b) 1 © 7 @ 2 © 0
1 1
® 3 ® 5 (h) -6
1 1 3
@ -6 3 © 3 @ 3 © 2
2a 1 " w 2
" 1 ® m -3 @ o O 3
1 1 1 1
@ 3 M 3 © 3 @ o (e 2 (B3
aan
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Partial Derivatives

2.1. Introduction

The notation of continuity, limit and differentiation in relation to real valued functions of two real
variables, will be briefly explained in this chapter. A few theorems of elementary character will also be
given. The subject of functions of two variable is capable of extension to functions of any number n of
variables, but the treatment of the subject in this generalized form is not within the scope of this book.
Only a few examples dealing with functions of two or three variables are given.

2.2. Functions of Two or More Variables j

If three variables z, x, y are so related such that for every pair or values of x and y within the
defined domain, z has a single definite value then z is said to be a function of the two independent
variables x and y. In this case, we write z = f(x, y).

More generally, if the three variables z, x, y are so related that z is determined when x and y are
known, z is said to be a function of the two independent variables x and y.

Since the area of a triangle is determined when its base and altitude are given, area of a triangle is
a function of its base and altitude. Similarly, the volume of a gas is a function of its pressure and
temperature. Also, the volume of a parallelepiped is a function of three variables: length, breadth and
height.

2.3. Limits and Continuity |

A function,of two variables z = f'(x, y) is said to tend to a limit L as (x, y) tends to (a, &), if for
every € > (), there exists 6 > 0 such that for all (x, y) in the domain of f.

That is, | f(x, y) — L| < € whenever |(x, y) — (a, b)| <8.
In such a case we write
lim
(5.3) > (@, b) /&)=L
In a similar way, a limit of a function of three or more independent variables can be defined.

The function z = f (x, y) is said to be continuous at the point (a, b), if corresponding to a pre-
assigned positive number e, however small, there exists a positive number J, such that

|/, y)=f(a,b)| < e
whenever0<|x—a|<dand0<|y-b| <4
In other words, a function z = f (x, y) is said to be continuous at a point (a, ) if and only if
lim
(x, y) > (a, b) S, y)=f(a,b).

In a similar way, continuity of a function of three or more variables can be defined.
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m Partial Derivatives

The result of differentiating = = f (x, y) with respect to x, treating y as a constant, is called the

partial derivative of z with respect to x, denoted by one of the symbols %’:-,-g[ s Jx (X5 ¥), fos 2x etc. The
X Ox

. ; _ li +Ax, Y) - f(x,
partial derivative of the function of two variables is given by f (x, y) = Axlipf (x £ L(x,7)

provided this limit exists.
Similarly, the partial derivatives of z = f(x, y) with respect to y is the function of two variables
given by
£ lim  fCx, p+Ay) —f(x, )
v (X, ) Ay — 0 Ay
If w =f(x, y, z), then he partial derivative of w with respect to x is the function of three variables
given by

provided this limit exists.

l‘ Ax’ 3 = 3 Vs
fv(x’y’”nﬂ)oﬂ” yAzz f(xyz)'

Similarly, we have
lim f(x,y+Ay,2)—f(x,7,2)

Ly 2)=

Ay—0 Ay
‘ hm f(x:y,z'*'Az)“f(-\';y,Z
and ./;(xiyvz)=Ay_)0 AZ )

Note: The del @ is generally used to denote the partial derivative in order to distinguish it from the
symbol d of ordinary derivative.

Use definition of partial derivatives to find f; (x, ) and fi(x, ) for the function £ (x, y) = Xyt

Solution:
We have f'(x, y) = x%*
By definition, we have
lim f(x+Ax) y) —f(X,}’)

f;(x’y)=AX'—)0 Ax
_ lim (x + Ax)* y* — x%y?
T A0 Ax
_lim Y+ 2xAx + (Ax) — ¥
T Ax—>0 Ax
Clim y[2xAx+ (A9
T Ax—>0 Ax
_lim YAx (2x+Av)
T A0 Ax
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- lim
Av 0
=y (2 4+ 0)
=2\
Similarly for partial derivative with respect to y, we have
. o lim £y A -f(x, )
hx, ») S Ay—0 Ay
_lim P+ AP -y
Ay 0 Ay
_ lim ¥ [y + 29Ay + (Ay): =17
Ay —0 Ay

_ lim X[2yAy + (Ay):
Ay—0 Ay

2x + Ax)

_ lm
=x' (2y+0)
=2y

If 2= 3% — 9% + xp* + dp, find & 9z Oz

s and&
ox dy ox

a0 Oy

00

Solution:
We have z =3x’)* — 9%y + x)* + 4y

Differentiating both sides partially with respect to x gives

-g—z- = 3(32)® - 9(2x)y + (17 +0
X

= 9%’ — 18xy +)7

Differentiating both sides partially with respect to y gives

gyz =3x°(3)%) - 9¢ (1) +x (29) + 4(1)

=9x’y* - 9x* + 2xy + 4

Thus, Z|  =9(1)* (0)’ - 18(1) (0) + 02 =0
ox|a,0
oz - 32 _Qr1N2 4 o
2o = X O =9+ 21) 0+ 4=
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If £ (x,p) =xp* + Xy, find f; (x, ) and f; (x, y). Also find £, (3, 4) and f; (3, 4).

Solution:
We have, f(x, ) = x)? + 2%y

To find £; (x, y"), we treat y as a constant and differentiate f'with respect to x:

Ly = 56: (x? +.-\'2y)

0 ;2,0
5 0+ 2 ()
ox, . o
= —_— =
y2 Ox 4 ox
=% 1+y2x
=y +2xy
To ﬁnd £, (x, y) we treat x as a constant and differentiate /' with respect to y:

5@y) =%(xyl+x2y)

=9 (2 +9 (2
ay(xy) +ay( )

=xi+x2&
ay O

=x.2y+x.1

=2y +x*
Also, we have £,(3, 4) =42+ 2(3) (4) =40
andf, (3,4)=2(3)(4) + 32=33,

lim [/ lim x—) lim / lim x—)
Solution:
_ lim ( lim x—)
LHS. =, 50y>0x+y
_ lim x
“x—>0x
_ lim
x>0
=]

_ lim lim x—g)
R.HS. Ty 0\x—>0x+y

1
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_lim —p
T y—>0y

lim

Ty 0(—])

lim lim x- v) lim / lim x-— )
Hence, . , 0\ 50x+p/Fy50\s0x+y/)
2.5. Successive Partial Derivatives j

Since each of the partial derivatives %z-,-gz}-is in general a function of x and y, each may possess
X

partial derivatives with respect to these two independent variables, and these are called the second order
partial derivatives of z =/ (x, y). The usual notations for these second order partial derivatives are

2(2) & t
ox \ox ie. o2 or S ete.

2 (_6_2) ie oz or Sy et

oy \o. oy =

0 (oz ) oz

a ay 1e. axay or j.;n

0 (Q) . &z

By \&x i.e. —6ya'c or Je
Notes: |
1. If z= f(x, y), then partial derivatives of z are very often denoted by the following notations: |

o _ oz _ rz_

ox p, ay =4 a\-2 =

Oz &z _ &z _

oxdy opox > o !
2. For most of the functions that occur in applications we have

Pz x

Oxdy Oyox "

That is, the partial derivative has the same value whether we differentiate partially first with
respect to x and then with respect to y or the reverse. |
[Example: 5 |

Calculate all the first order and second order partial derivatives of f(x, ) = ¢”sin (x + ).

Solution:
We have f(x,y) =¢e™.sin (x+y)
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. o B Pk il s
Now, fi(x, ») e [e " sin(x + )]

oe "

Ox

— ,'~\ L” ] e 4 3 ’_
e R (x4 y)+sin(x+y)

=¢"cos (X +y) % (x+ )+ sin (x +y). e” % )

=e"cos (x+y).1 +sin(x+y)e* (-1)
= ¢ [cos (x +y) - sin (x + y)]

£.) =% [ sin (x +3)]

= e"%sin x+y)

=¢” cos (x +y)%(x+y)
=¢" cos (x+y).1
=e"cos(x+y)

S x+y) = a% e [cos (x +y) —sin(x +y)]

- e“% [cos (x +y) —sin (x + )] + [cos (x+y) —sin (x +)] aae:

=¢ [-sin (x +y).1 — cos (x +y).1] + [cos (x + y) —sin (x + y)]e™ (1)
=¢” [-sin (x +y) —cos (x +y) — cos (x + y) + sin (x + y)]

=¢e™ [-2 cos (x +y)]

=-2¢” cos (x +y)

) =l cos @)

= e"‘gy‘ cos (x +y)

=¢" [-sin (x+y).1]

=—¢"sin(x+y)

fo ) =€ [oos () —sin (c-+))]

=¢g™ % [cos (x +y) —sin (x + )]

=¢™ [sin (x+y).l —cos (x +y).1]

=—¢™ [sin (x +y) + cos (x, )]
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7
ftnd) = qeleteos (x b))

c e D cos (v k) + cos (x +y) 2=
s cos (x +y) +cos (x+y ox

= ¢ " [-sin (x +y).1] + cos (x +y) . e* (-1)
= —¢™ [sin (x + ) + cos (x + )]

odu 2
Ifu=\].\'1+_)’ + 7", then provetlmt%}z"+%+5zﬁ‘=;-

Solution:

We have u =\f}? +y + 2

ou | 4, 0
Now, 5 =5(x2+yz+zl)”2 la(xl+yz+zz)

“a

Similarly, we have
Fu_ -y
5=

oy u
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- N: — .\'2 + u: - ‘)2 +- “2 - 22
w

3u” - (,\'2 + v-" + ;:2)
T
w

_ 3 —
w
2d 2
3 T - R
uwoou
=R.H.S

e v, w ow
If w = €%, show that x o +ya+z‘£=3wxyz.

Solution:
We have w = 97

z

ow _90 .
Now, ox " or =¢” —(xyz) e”, yz
ow 6

@’

- éw oy (2)

51

I
mﬁ

Xz

&

R
Rl

- az (xyz)

=%,

6vl+ @+ ow
ox Yoz Zor

.0

Thus, x

=x.e" . yz+y.e” xz+z.e". xy
=3¢ . xyz
=3wxyz

02 _ oy g
If z=xe"7 + ye~ ,showthatg—z'+a—z=e" Y+

Solution:
We have z = xe"™ + ye"™
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a: 6 \ S -
Now, A (xe* Y+ e V)

8
’| Yy + X
(\L Nk yie 6.\

il b el
_\a‘ “+L’ \a *_),e\ \'._(y t)

=xe "o (v=y) e+ e’ Tt (1)

= xe* (1) + € - ye'

=xe" ’+e"«—ye

Oz
£ ay(xe" +ye'™)

=xay(e"“)+ay(ye’ %)

=xe” (-1)+y ag:x + e‘“‘%

=X +ye 7 (1) +
=—xe7 +ye™* +
0z 0Oz .
Thus, 50+, = %€ + €7 =y —xe 4 ye s+ &
—Tee
[Example: 9 |

A company manufactures two types of ski;, the Lighting and the Alpine models. Suppose the
joint cost function for producing x pairs of the Lighting model and y pairs of the Alpine
model per week is

c=£(x,y) =0.07x* + 75x + 85y + 6000

where c is expressed in dollars. Determme Zx and ™ where x=100 and y = 50, and interpret
the results.

Solution:
We have ¢ =f(x »)=0.07x* + 75x + 85y + 6000

oc
Now, 2-= a_ (0,07%* + 75x + 85y + 6000)

=0.14x+75

oc
d=— =—=(0.07x*+ 75x + 85y + 6000
an (7}’ ay( Y )

=85
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Thus, ==

de
* 3y | 100,50 = 0.14(100) + 75 = 89 8

and

(100, 50) = 85 (2)
Equxmon (1) means that increasing the output of the Lighting model from 100 to 101 while
maintaining production of the Alpine model at 50 increases costs by approximately $89.

Equation (2) means that increasing the output of the Alpine model from 50 to 51 and holding
production of the Lighting model at 100 will increase costs by approximately $85.

[Example: 10 |

Find % if 2x* + 3p* + 572 = 900.

Solution:
We have 2x* + 3y* + 522 =900
Differentiating both sides partially with respect to x gives

%(sz+3y2+522)=a_i(900)
or, —(2x2)+ (3y)+‘(522) 0

0z
or, 4x+0+5.226x—

oz
or, 10z o 4x

-
or, % 52

EXERCISE - 2(I)

Difficulty Level: A

L. Find the partial derivative of the function with respect to each of the variables.
(@) f(,y)=2"+3xy+47+5c+6y-7

® S =T+
(€©) gy 2 =204 —4dy’7 +3xz
Difficulty Level: B

2. Use definition method to find the partial derivatives of the followings:

@ fxy)=xy-x’ ®) [y =x'-¥
© Sfy)=xy+) @d fey)=x-xp
3. Ifu=§+§+;’provethatxau %+ZQ£_0
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. N Wy [l du
i 8 4 X N . .
4, Iw = sin ¥ tan _\,..\hn\\ that x ax ) dy 0.
M O
~ . + =01
s Show that —"fa‘_ _fa.i‘ 0if

@@ u=log (W +)" (b) u=tan"§
(¢) u=¢e(xcosy-ysiny)

; " 5
6. Find fi(x, ») andfi(x, y) if /' (x, y) = y_-F_w%—r :

7. Find fi, fiy» /i and f,, for the following functions
@ S =x+3%+3x0+)y ®) f(x,y)=xcosy+ycosx
IffEx, y,2) =22 (3x* — 4xy"), find £, (1, 2, 3).
For f(x, y) = €, show that . (x, ) + fi (5, ) + i (0, ) + 5 (5, ) = (%, ) [(x +3) + 2].

10.  Find the value of i a2y if w=(2x + 3y +4z)’.

0z0y0x
ANSWERS j
1. (@ f()y)=4x+3p+5 (b) ﬂ(x,y)=@%r)m
2
-/.;(X:Y)=3X+8y+6 f,;'(x’J’)=3(x +19)
© &= 2J12 7 — 8xy3z% + 3yz &= 4xyz" - 12x2y122 + 3xz
& =120 -8’z + 3xy |
2. @ fy)=2p-y ®)  Axy)=y-2x
Hx,y)=x*—2xy 5Gy)=2xp
© fitty)=y @ fy)=2x-y
50 =x+2y hHy)=-—=x
5 _ 5 sinx
6. fx(xay)=—6%:;)2 f—"(x’y)_(yfsinx) =
7. (a) fxx =fo' =fy.r =fyy =6(x +y)
(b) fo=-ycosx Joy=Jix =~ (sin x + sin y)
Sy=—xcosy
8. -288 10. 144
aaano
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@. Homogeneous Functions and Euler's Theorem

A function £ (x, ¥) is said to be homogenous of degree n in variables x and y if it can be expressed
in the form as

X" ("‘\‘) or)y" ¢ (%) :

If V' is a homogenous function of degree n in x, y, z, then each of =— gV ‘3;/ aaV is a homogeneous
x

fanction of degree n — 1.

Since ax’® + 2hxy + by? =x2{a +2h (r) (X) }— ¢ )

ax® + 2hxy + by’ is a homogenous function of degree 2 in x and y.

Similarly, -E , X tan™ (-Xz), x* log e) are homogeneous functions of degree 0, 1, 2 respectively.

An alternative test for a function f(x, y) to be homogeneous of degree n is that f(tx, &y) = I'f (x, y)
for all values of ¢, where 7 is independent of x and y.

Similarly, a function f'(x, y, z) is said to be homogenous of degree n in the variables x, y, z if it can
be put in the form

xX'f («‘;’ i) or f(tx, ty, tz) = I'f (x, y, z); and so on, for any number of variables.

If u = £ (x, y) = 2" + 5x*y + xp then show that it is a homogeneous function of degree 3.

Solution:
Here, f(x,y) =22+ 5x%y +x/

42590
0 2
-2 (o) +s@)+]
= x3 ¢ X)
u = f(x, y) is a homogeneous function of degree 3.
Alternative method,
We have, u =1 (x, y) = 2 + 55y + x/"
or, f(tx,ty) =2(x) +5(x) (1) + () ()’
=r[2¢ + 5y + 1]

=f(x,y) |
u =f(x, y) is a homogeneous function of degree 3.
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Euler's Theorem of Homogenous Functions
7]
1f /' (x, ) be a homogenous functions of x and y of degree n, thcnxb‘[ ygy[ nf (x, y).

Proof:

Since f'(x, y) is a homogeneous function of degree n, let
fx,y)=x" ¢G‘:) =x" ¢ (V) where V=£

d . PN 4
Now,‘a‘§=m‘ YV +x # (N

=m g1 +2" ¢ (1) (-%)

L g2y g ) M
Agind -2 g2 80y

y'g‘y[ =y ¢ (M) )
Adding (1) and (2) we get,

sty =nt ) —2"yg )+ y90)
on gty =m §()=nf)

“[+y5y[—nf(x y)

Note: If f (x, y, z) is a homogeneous function of degree n, then x é‘f syz & nf (x, y).

Show that u =f (x, y) = ax* + 2hxy + by’ is homogeneous function and verify Euler's theorem.

Solution:
We have u =1(x, y) = ax* + 2hxy + by’
Now, /(tx, y) = a (tx)" +2h (1x) () + b ()’
= (@ + 2hxy + by")
=11 (x,y).

This shows that u= f (x, ) is a homogeneous function of degree 2. For the verification of Euler's
thecorem, we have
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0
g% - (@x® + 2hxy + by?)

a
= 2ax + 2hy

ou y
:3_); == (a'x + 2y + by?)

ar

= 2hx + 2by

ou du
N +y =Y (2ax +2hy) +y (2hx + 2by)

= 2ax® + 2hxy + 2hxy + 2by?
= 2(ax® + 2hxy + by?)
=2u

Thus, Euler's theorem is verified.

Ifu= fa"_lﬁﬁ, show thatx%+y%=sin 2u

X=y
Solution:
3
We have u = tan™ x3_+X_
x—-y
3
or, tanu = XJ—Q
xX=y

Thus, tan « is a homogeneous function of degree 2.
Let tan = v, Then, by Euler's theorem, we have
X & + o _ 2
ox Ydy “Y

o ) . O )

ofs 5 tan u +y fan u T —
Ox oy
, O

or, xsec'u gi[' +y sec’u —6§ =2tanu

ou Ou _ 2tan u
of, xax+ydy = secu

=2 sinucosu =sin2u
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2.7. Derivative of 6(‘)1_1&-0—31& Functions (Total Differential) 1

We have already defined the differential of a function of a single independent variable. We now
give the corresponding definition of the differential of a function of two independent variables x and y.

Thus if

u = f'(x, ) we define dte f, dx + f dy.
Also, ifu=f(x, y,z),then du=f dx+fidy+ [ dz
R 4 :
Find  when z= ¢, x =7 +3 and y =/,
Solution:
We have z =¢'*¥

x=£+3
y=+f
&z _ozdx drdy
Now, 71 _Bxdt+6};dt
RN GE+ DT @ L@

=& 2+ &V .%t"z
= (2t +l\[) &Y
> V!
IExamgIe: 5 |

du
Fmd—whenu=x2+y‘+z2,x=2t+ l,y=t+5andz="Tt.

dt
Solution:
We have, u=x>+)* + 7
x=2t+1
y=t+§
z=T
du 6u dx  Ou gz ou dz
Now, 2t dt oy dt "o dt
=(2x) (2)+(ZY) (1) +(@22)(7)
=4x +2y + 14z

=42t + 1) +2(t +5) + 14(71)
=8/+4+2t+10+98:=108¢+ 14
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2.8. Chain rule

L

Let z = f(x, ¥), where both x and y are functions of » and s given by
x=x(ry)
and  y=y(n )
If /. x and y have continuous partial derivatives, then z is a function of r and s and
or Ox or dy Or
G o & % Oy
ds Ox Os Oy Os
The chain rule can be extended. For example, suppose z = f(u, v, w) and u, v, w are all functions of
r, s and 7. Then

0 0z ou 0z v 0z ow
o ou or ov or ow or
ow

& o ou fz v
Os Ou Os Ov Os Ow Os

g &0 ou 0z v 0Oz 0w
¢ 5" ou ot ov o ow ot

Now, consider the situation where z = f(x, y) such that x = x(f) and y =y (¢). Then z is a function of
single variable f and

d_oz dv oz dy
dt ox dt gy dt’

If y=f(x) and x =x (r, 5), then
o _dy ox O _dy &
or dx or ™ &5 dx bs

0z 0z
Ifz="5¢+3p,x=2r+3sand y=r-2s, find 5 and .

Solution:
We have z=5x+3y
xX=2r+3s
y=r-=2s
Oz _0z Ox 0z Oy
N°“”ar " ox or oy or
ol 0 0 0
=a(5x+3y)-5(2r+3s)+'a—};(5x+3y)-E(r—Zs)

=5x2+3x]
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=10+3
=13

& _E &,k
s Ox G 0y Os

L (e r3) 23 o G+ D) 29
=5x3+3(-2)
=15-6
=9
Ifw=f(x, Z)=3x2y+~\3’2—4xzz",x:2r—3s,y=6r+sandz=r—s,ﬁnd%’rﬁand%,
Solution:
We have, w=f(x, y, z) = 3x% + xyz — 4’2
x=2r-3s
y=6r+s
z=r-s

= (6 +y2) (2) + 3x” + x2- 8)2°) (6) + (- 12y2) (1)
=x (18x + 13y + 62) + 2yz(1 — 242” — 6yz)

ow _Ow ox ow O Ow &z

Os Ox Os Oy Os 0Oz Os
= (6xy +yz) (-3) + (3 +xz— 8y2) (1) + (o — 12°7) (1)
=x(3x— 19y +2) —yz (3 + 82" - 12y2)

Find %E when y =x* — 7x + 5 and x = 19rs + 25’7,

Solution:
We have, y=x*—Tx+5
x = 19rs + 2s%*

dy _dy o
Now,5, “4x or

=(2x-7). (19s) = 195 (2x - 7)
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Flnd d_*of u (V' X r‘ y= z C'.
Solution
Here, u = ¢

Wehave,% =¢_31_4 dx Lou dy ou dz
{ ay dt e d

=€ 23 + &% . . (—-tl;) +e”  xy.e

o, o =€% [yz.3t2 +2x (— ;1,) +xy.e']

=% I} -e'3f + e'.tj(— ;lz) + r‘G) e’]

=€ [t —te' + e
g\
= erz'(' )'e' [t —te' + Pe

= etz'ere' Bt+t+7]

2

= e [P +21]

= e(t2+ i t[t+2]

=@ [t+2)

[Example: 10 |

di
Ifll=x}+y3,x=costandy=sin 2 ﬁndTIt‘.

Solution:
Wehave u=x +)°
X=cost
y=sint

du Bu dx ou d _X
Now, g¢ ot

= (3x2) (=sin t) + 3% (cos 1)
= 3(= sin t +y* cos 1)
= 3(—cos’t sin t + sin’t cos 1)

=3 sintcost(sint-cost)
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[Example: 11 |

B

Iz = (dx = 30", where x = r’s and y = r - 2, evaluate or whenr=0ands=1.

Solution:
We have z = (4x+3y)’
x=rs
y=r-2s

Now, & ~ o o ' oy a
=3(4x + 3y)* . 4. 25 + 3(dx + 3p)% 3. 1
=24 rs (4x + 3y) + 9(4x + 3p)’
=(24rs +9) (4x+3y)

Giventhatr =0ands=1, So,

x =0andy=-2
¥ _
arlr=s =(0+9) (0-6)’
=9 x 36 =324
EXERCISE - 2(1I)

Difficulty Level: B

1. Show that the following functions are homogeneous and verify Euler's theorem.

@ [f(y)=x+y ®)  fp,2)=x +y+2=3xz
2 + 2 @
© =y iyz @ u=sin" (;{-yl

Y P 2.0 ou, ou 1 _
2. If u=cos (\]}+\j})’ShOWthatx6x+y6y+ZCOtu_o'

Xty

Ifu= "‘( hat x 224y 2=
3. u=sin x+y‘,provetatxax yay an u.

4. Check f'(x,y)=X". tan (‘D for homogeneity and verify Euler's theorem if homogeneous.
. . du . 242 v = gf
5. Using total derivative, find 7 ifu=x"+y,x=at"and y=2at,

. du
6. Flndzofu=x2+y2,x=cos t+sint,y=cost—sintatt=0.
7. Use the chain rule to find the derivative of w = x’y — y*, where x = sin  and y = ¢'. Also evaluatc

dw
gt-whcn =0,
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8. Find% . oif w=xvtz,x=cos v - sintand z 1.
9. Find ‘% it
(15 3 1 !
@ u=e% x= r.y'=7nndz= ¢
® w=l@E*+y +)x=2-3y=~2+3andz=4 -1
10. Giventhatz=¢", x=r—-4dsandy=r-y, find % in terms of r and s.
. oz x+ée
11.  Use chain rule to evaluate Bs whenr=-2,s=5and t=4 where z= ,x=rs+se',y=9+rt.
12.  Use the idea of total differential to find the approximate change in the volume of the cylinder of
radius 5 cm and height 10 cm if we decrease the radius by 0.01 cm and increases the height by
0.02 cm.
| " ANSWERS |
du_ , , dul  _
5. g -4at(f+2) 6 &l =0
aw_, 2 ‘ d_W\ _
% dt—lxycost+(x —2y)e Tl t=0~—2
aw
. 4 =2
dtl, o
s 2 —6x + 4yt — 2z
5. @ woze(1+3) W HIYE
10. (2r—>5s) e'j_ o 11. —=2+¢°
12. Volume decreases by 0.57cm’
aaa
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Anti-derivatives

3.1 Introduction j

ion which is under a curve and of the plane
a curve can be obtained by

f the plane regions between

Ant-derivative is used to find the arca of the plane reg
regions between two curves. Particularly, the area of the plane region under
the method of limit of sum. But the definite integral is used to find the area 0
two curves as well as the region under a curve both. _

To compute the area of the plane regions such as, circles, triangles, quadnl'ateral.s Gt el other
such plane regions whose sides are straight lines (or which are enclosed by straight lines), there we
already had some special methods. But if one of the sides is in the form of a curve, fo'r that there wejre 1_10
such special methods to find the area of such plane regions. A great mathematician nam.ed Leibnitz
introduced a method called 'Limit of sum' in 1676 A.D. to find the area of such plane regions. In this
method a plane region under a curve is divided into # infinitely tiny strips (i.e. infinitely small  equal
parts) such that each part nearly forms a rectangle. Then the process forms a series of the area of the
rectangles and thus the sum of the series gives the area of the plane region.

Before studying of the application of anti-derivatives here we first study the standard integrals and
its related problems so that we may need to take the idea of rational fractions. Thus at first we discuss
about the integration of rational fractions after that we go to the standard integrals.

3.2 Integration of Rational Fractions

The integration of the algebraic expressions which are in quotient form of two polynomials may
sometimes be difficult. To make their integration easier, the rational fractions are to be expressed into
more than one partial fractions. In the first case, if the degree of the numerator is greater than that of the
denominator then we first divide the numerator by the denominator to express the improper rational
fraction as the sum of a polynomial and a proper fraction. Then we decompose the proper fraction into
partial fractions. In the second case, if the given rational fraction is itself a proper fraction, we express the
proper rational fraction into the partial fractions. We have some simple rules of breaking the algebraic
rational fractions into the partial fractions which are as follows:

(@ Iff(x) =(7‘}qif)ﬁ then f(x) = (ax/i b) + (axf- b)2 +.. +(‘,x_]_\:_gf
q(x) A B

b) /)= (ax+b) (cx+d) then f(x) = (ax+b) i (ex+d)
q(x) A Bx+c

© H/O) =T b @ T then f(0) = G v 5) T (@ + d)
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- q(x) . A B c
() Iff(x)= (ax + b) ga n d)z then f(x) = (ax + b) + (cx +d) + (cx + d)z

where 4, B, C ..., N are the constants to be determined.

| Example: 1

Integrate the following breaking into the partial fractions:

Solution:
@ Here 1 = [ priggs
=..12x2+161;:+3x+4dx
o, ]=..(3x+4;3(4x+1)dx
beh (3x+4;:24x+1)=3x114+4x3;-1 =

Clearly, we have
13=4@x+1)+B(3x+4)

3+
Ifx=—21, then 13=A(0)+13[3><(—l +4]=0+B('3—'1"6')
4 4 4
= 13=7B - B=4
e 4 _ 4
Agam,lfx——gthen 3=d(4x3+1 +B(0)

= 13=A(——16+3 =13y

3 3
=-3
For the values of 4 and B the relation (1) takes the form as,
13 =3 2

(Gx+4)(@x+1) 3x+4 dx+1
Integrating both sides with respect to 'x', we get

13 1 1
Gx+4) (@x+ 1) ¥=-3 fsx+4dx+4 I4x+1dx
13 _=3log(3x+4) 4log(4x+1)
o JBxrd@rnTTT 3 tT o4 te

I= B = log (g +
127+ 19x +4 ™ 78 B3x+4) €
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2 + |
HCN. I - (‘ I)(.\' ¥ l)(,\v
L D4 myic
¢

or,

(&Y l)('l‘l +1) x-1 + A1
W =40+ D+Bx+C)(x— 1)

Equating the constants term, 4 - C=1

Equating the coefTicients of x, C-B=2
And equating the coefficient of x>, 4 +B=0

=

A=-B

Adding (2) and (3),

A-B=3

Using (4) in (5) we get,

=

From (4), A——(—i =3

From (2), ——c—1:>c—-_ -

—~B-B=3

w

-2B=3=>B=-%

N

3\
2

1
2

Now, equation (1) becomes as

@2x+1) 3/2 L D2x+172
x-1D)EE+1) x— 177 2+1

Integrating we get,

or,

or,

2x+1 1 13

= le-n@+n® -3 [re-s [
@x+ 1) 223

I= G- 1) +1) log(x—l) J‘t

I=%log(x— 1)—%10g(x2+ 1)+%tan—lx+c

=%Iog(x— 1)—%Iog(x2+ l)+%tan“ x+te

Oy

2
(&)

Q)

(&)
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EXERCISE - 3 (I)

Difficulty Level: A

Is Evaluate the following using the limit of sum (summation method):
1 i
@) _[0.\2(1\- (b) jo(le-3)dx
b 1
© IO(ZA'+l)dx @) Ioe"dx
Difficulty Level: B
2. Evaluate (using partial fraction):
2x 3x
@) .[ Z+3)Gx+5) ®  Je-ae-pn%
2% +3 x + 1)dx
© [5iT ® [GraEeD
ANSWERS
L@ 1 & % © b1+d) @ (-1
2 @ Blog(2x+3)+ log(Gx+5)he
® Gy lelos@-a)-blogs-b]+e
(c) -;—logx—Slog(x+1)+1—21-10g(x+2)+c
(d) —%Iog(x+2)+%log(xz+ 1)+%tan_] (@) +c

aaa
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3.3 Standard Integrals

A

Upto now we had integrated the given integrand by using the gencral rules of integration. Such ag

algebraic substitution, trigonometric substitution, integration by parts etc. But sometimes the given
integrand may not be integrals only by using the above mentioned methods. For that we need some other
special fundamental techniques. Such integrals are known as the standard integrals. The standard integrals
have been divided into different groups according as the different techniques to be used during the
process of integration.
Standard Integrals I

and are considered as the fundamental integrals. These are:

Proof:

(a)

©

(©) _. mdx=sin"(
o Fabale o [t

1

1=

)+c (d) ..\l?—lf—a,—dx=log(x+

Q

Here, I = J‘;i—xft{x =% tan™ (ﬁ) +c

LHS.(=1) = IE!_}_de
Letx =atan 0= 0=tan™ (ﬁ)
Differentiating we get, dx=a sec’0dO

Now, I= I . a sec® 6d0= IJ'sec il

+a tan g sec’0

or, 1——J.d0 ——0+c

_1 _1(_)
I—atan a+c

Similar procedure can be used to prove (b), (c) and (d).

1 1
Here, I= I‘}j}dx= Imdx

i1 1 1 . . .
2 P [ atx a— x} dx [+ Using the partial fraction]
or, =—[log (@a+x)—log(a-x)]+c
L Pyl ( arx ) +
or, =54 l0g c

J‘—z—xzdx— : Iog( +JC)+c

Similar procedure is used to prove (f).

+c.

In this section, we discuss the integrals which are directly related to the differentiation formulae

"1 1 X 1
(a) .mdx——tan (a)+c (b) .de=log(x+\/az+?)+c

_)H- c
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Integrals reducible to the form of any one of the above standard integrals I

The integrals:
1
J‘ax2+b\ +cd\ (b) j ax” +IJx+cdx
©) J‘ sx+e dx d J' sx+e 2
ac+bx+c™ @ \/ax2+bx+c

can be evaluated on reducing them into the form of any one of the above standard integrals I. For the first
two (i.e. for (a) and (b)) we discuss on illustrating the suitable examples below. And to integrate the
integrals of the type (c), at first we need to express it as,

sx+e
ax+br+cdx p.[a._xi+bx+cdx 9 Ez+bx+cdx M
where numerator of the first term is the differential coefficient of the denominator. The constants 's' and
'e' are taken as;
2ap=s . 2
and pbtg=e 3)
which are to be solved for the values of p and ¢. On putting the values of p and g in (1) the integral can
easily be integrable. Similar procedure is applied to integrate (d).

rExample: ﬂ

Integrate:

J‘ dx ®) I dx
X +6x+8 \+6x+10
Solution:
(a) Here,I= J‘ e e G 3)1 y dx [which is in the standard form I (d)]
1 x+2
or, 2X110g(x+3+ )+c=510g(m)+c

X
1=510g(m)+c
dx

X
() Hewi= -[\/x2+6x+10=I + 2+ (1)

or, 1=10g[x+3+\f(x+3)2+ 2+c
I=log[x+3 +\/x+6x+10]+c

[which is in the standard form I (b)]

IExample: 2
3x+5
Evaluate: m dx
Solution:

Let x2+4\'+20dt_p.‘.;z+4x+20 9 )7 +4x+20

where2p=3:>p=%


https://v3.camscanner.com/user/download

70| Engineering Mathematics - |l

3
anddp+g=5=34x5+g-5

o, q=5-6=-1
3
P=3 and g = -1
For the values of p and ¢ the relation (1) takes the form as,
x+4 3 2v+4 dx
T +d+200® =3 I Y +dx+20% - I ¥ ax + 20

3 dx
—i‘loq(\ + 4x +20) - I(—+_2)'f+—([)2

=§Iog(x +4x + ')0)—-—ta i (x+2)

3x+5

y + 4y +20) D
= -3— log (x* + 4x + 20) —% tan™ (x: 2) +c
Standard Integral 11

In this section, we discuss the integrals which can be evaluated by using the technique of
integration by parts. For that we have the formula as,

j uvdx=u I vdx— I [édxy' J- v dx] dx where u and v are two separate functions. On applying this
formula the following standard integrals can be evaluated.

- ax

(a) e™ sin bxdx=—2e+ﬁ[a sin bx—b cos bx]

(b) -e cos bx dx = _Z_I[a cos bx + b sin bx)
© _'\I?Tx’dx=£ T2+ log (e + N )
(d) ] \fj_z(zdx —-x‘+5 22 sin” CD

() ) ‘\/?—_azdxf)z£ —a —%log(x%\/m)

One of the above is done for an example.

2
(e) We have, \f? —adx =% -a - a? log (x + \/? - a2)

Proof:

LHS.= \/? —ddx

Integrating by parts, we have,

(T2 -v7=2 jdx-j[‘ﬂ@ [ ax ]
o [NFRaT R x- [

X —a
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2
-y . X
YNX" - a j. =3 dx
X a

- S
. XN —a)ta
Y I&‘L—T“" {
\/.\' a
J‘ \].\" ~a'dx = x. \].\" -a" - I\]\ ~ddx o I
X -ua
or, 2. I\}.\" ~a“dx= ,\'\Ix‘ -t =a log [x + [’ —d’]

I\/\ - dr—i\l?_l Iog[\' Ry

dx

[ Note:

The integrals, (a) I\Iax“ + bx+ cdx, (b) J.(sx + e) \/E + bx + ¢ dx can be evaluated on reducing
| them to any one of the standard integrals II, which are discussed with the suitable examples as below.

Evaluate:
(@) 5-2x+x“dx

I(Zx-l- 1)\/4x? + 20x + 21 dx

Solution:

(a) Here, I= I\f5—2x+x2dx
= I\!4+(x— 1)2dx= I\}(2)2+(x— l)’dx

which is in the standard form of II (c)
I=gx__D,\]_2—1 _2_2 1+4/2%+ 1D+
) 22+ (x-1) +3 log [x— \/ 2 (x— )z] c
I=%(x—l)m+210g[x-l+m]+c

) Here, = [@r+ 1) VAZT20x 731 do

It can be expressed as;

I(2x+ 1)\/4;2 +20x + 21 dx

= pj(8x+20)\/4?+20x+21dx+q 4% + 20x + 21 dx

whcre8p=2:>p=al'

and 20p + g = |

or, 20X'}i+q=l

(M
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o, ¢=1-35 4
|
P “-sm\dq'" 4

For the values of p and ¢ the relation (1) takes the form as,

=3 I(&H 20) V¥ 20 21 -4 [NATT 208+ 21 d

(4% + 200 + 212 4 ¢ L;Imdx

(4 + 200 +21) 2 + ¢ ‘2‘[1”5 (2x+ 57 - :l—%log[2x+5+\fmr—_22]+cz
(4x2+20x+21)”2—2[3l§—5-\/m—210g(2x+5)+\lm]+c,+Cz
(4% +20x + 21)2 — (2x + 5)\[&x + 20x + 21 + 4log [2x+ 5 ++[ax +20x + 21 + ¢,

wherec=c¢; + 2

Il
wlu

I

A= = |- I-—l

I

Standard Integrals Involving Trigonmetric Functions
The various fundamental techniques on integrating some of the special trigonometric functions are

as below:
(a) Icosecxdx < xdx I——'@——x
2sm2cosz
2 X 2X
YRR T s MO
_ZI.£ ZC_X =3 £dx'—log tany)+c
sin ) cos 2 sec 2 tan 2

I cosec x dx = log (tan %) +c

(b) J.sec xdx= .[cos 3 dx = '[;mT;x—) dx
2

1= G %)
372 > |

=%I ( ) ( ( ) [ sinx=2sin§cos—;']
sm42cos42 ""’2;2 '

=log |:tan (‘Z’ + %):I + ¢ [ Multiply by cos (% + %) on numerator and denominator both]

XX
Isec xdx=log [tan (4 + 2):] +e

Standard Integrals III

In this section, we discuss about the standard integrals evolving the trigonometric functions. The
various fundamental techniques to integrate some of the standard trigonometrical functions are as below:
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dx dx j’ dx
a PRSI — — e )
(@) I a+bcosx (b) I a+tbsinx (©) asinx+bcosx
To integrate the first two (i.e. @ and b) we will discuss later with examples. Now to integrate the
third one we provide a = r cos fand b = r sin A0 that a® + b* = 7 (sin* P+ cos ) = P = r =\[d + I

L
and tan /jr;’: B=tan” G:_) .

dx | dx

asinx+bcosx  r )sinxcos B+ cos xsin

Now, we have [ = j

ik
or, J.sm (\+ﬂ) T |cosec (x + f3) dx
) x+g)
or, I—rlog[tan( > ]+c
m og| tan 2'2' +c

Note:
It can also be evaluated on reducing it to the form of any one of the standard integrals / on putting
2tan ';' 1 - tar5 p

sin x =——— and cos x ='—x'then we take tan5 = s. Now, it will easily be converted in the

1 +tan’s 1+ tan* %

2 2
form of the standard integrals /.
[Example: 4
S - ‘ dx
Tutegrate: (2) I 1-3sinx (b) 3 sinx+4 cos x

Solution:

dx
(@) Here,I= J.l 3sinx J‘( X X

sin® % + cos* %) —6sin 5 cos 0

2X
sec™5
x

dx
X ) X

( . 2!._*_ 2 X -6 X
sin 2 cos ] Sln2C0s2 sec 2

~
Il

or,

dx zx
- X x x8ec s
2_ e )
(tan 2+l)—6tan2 1
2 X
sec’

= dx
J.tan2£—6 1an"+ 1
2 2

Putting tan §= y. Differentiating we get
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’5 Soc

dx dy .\\'I'l')%ti\' 2y

.
ta |-

. N ‘[ﬁ' 2dy :,)J‘ dy
Yokl T -3y - (22)
_ 2x1 (L—3 2\1:‘2)
2\15 y-3+24[2
1 0 ran'i—(3+2\ﬁ)

log
B tan’y - (3-2+J2)

dx
()  Here, /= I 3sinx+4cosx

Let3=rcos Gand 4 = rsin 0
sothat 2 =16+9=25=r=5

and tan 9=§
4
R . )
or, 6= tan (3)
_J' dx ___l dx
"~ Jrcos @sinx + rsin@cosx  r Jsin(x+ 6)

x+ X
or, I= 1 Icosec x+6dx= log tan (t 2 9) +c [ Icosec (x+ @) dx=log tan 5t c]

I =§ log tan %[x + tan™ G)] +c

1 1 4
I =3 log tan B‘ +3 tan™ (5)] +ec

EXERCISE - 3 (Il)
Difficulty Level: A
1. Evaluate:
dx dx
dx dx
,l.l+x—)_cz @ -"\’?—16

Ze Evaluate:

dx dx

@) I2 +cosx (b) .[3 —COS X
2+sinx
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3. Integrate:

W — [__(Ax+3)
(a) 4x° +24x + 45 (b) Ja2 + 12x +5 dx
xdx " dx
©  JTa2 (@) | i
[ (3x+2) dx i ~52 4
© e O o=
® \3-2x - ax (h) \J9x%+ 24x + 25dx
) 2x + 5)\[4x? + 12x + 45 dx
A Evaluate:
—_dx _dx
@) sinx + cos x (b) 2sin x + 3cos x
L- ANSWERS
1 (x 1 2x—3
1 (a) 7tan 1(7)+c (b) Elog(m)+c
1 \5-1+2x
T= -16]+
© VgIOg(\/g+l_2x)+c ) log[x+*-16]+c
tan EJ
2 |72 1 ( x)
= — =+
2 (a) NG tan NG +c () N7 tan™ (\2 tan 5)*e
(
D) 2tan§+ 1
© TFtan'|—F——|+c¢
\3 \3
1 2x + 1 3. 2x+1
3 (a) gtan“( 3 6‘)+c (b) '2'10g(4x2+1?_x+5)—§10gm+c
(c) %log (x2 +2x+2)- tan™ x+D+ec (d) log[(x +:2{+\[2ax + ;2] +c
3 A N SO PO
(e) 2\,§?+5x+4—4\/§10g|:x+4+ x2+2+2:|+c
1 +1
®) %[3x\/25—9)_c2+25 sin”™! (3 )]+c () 5(x+ 1)\’3—2)c—x2+2sin’1 (52—-)+c
1
(h) g(3x+4)\/9x2 +24x+ 25 +%log [3x+4 +-\’9J_c2 +24x+25)+¢
@ %(4x2 +12x +45)" +%(2x +3) V4 + 12x +45 + 18log [2x + 3 ++[dx’ + 12x +45] + ¢
1 X T 1 x 1 73
4 (a) ﬁ log tan (5 +§) +e (b) :f'—a log tan [2 +5 tan ! (2)] +c
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3.4 Basic Idea of Curve Sketching ‘l

Graph is one of the various ways of representing a function. In this chapter, we sketch the graph of
a function with the help of the different characteristics which the graph satisfies.
Characteristics of Curves

1. Origin: If (0, 0) satisfies the equation, then the graph of the equation passes through the origin.
The equation y = x* - 2x is satisfied by (0, 0). So, the graph passes through the origin.
But y =% — 2x + 3 is not satisfied by (0, 0). So, the graph does not pass through the origin.

2. Intercepts: For x-intercepts, we put y = 0 in the given equation to get the corresponding
x-values.
Putting y =0 in .
X iyi=4 0
gives y'=4

or, x=%2
This means that the graph of (1) cuts x-axis at the points (+2, 0).
For y-intercepts, we put x = 0 in the equation to get the corresponding y-values.
Putting x = 0 in equation (1) gives
y=4
or, y=zt2
This means that the graph of (1) cuts y-axis at the points (0, £2).
3. Even Function: The function f: 4 — B is called even function if
f(=x)=f(x)forallx € A.
Examples:
(@ y=fx)=cosx
Since f(=x) = cos (=x) = cos x = f (x), so y = f (x) is even function.
®) y=fl)=x'+2x
Since f(=x) = (=x)* + 2(=x)” =x* + 2x* = (x), so it is an even function.
© y=fl=x-2
Here,
f(=) =) -2(x)
= +2x
#f(x)
So, this is not an even function.
Thus all algebraic functions with even powers are even functions.
4. Odd Function: The function f: 4 — B is called odd function if
f(=x)=—f(x) forall x € 4.
Examples:
(@ y=/()=sinx
Since f(—x) = sin (—x) = — sin x =—f (x), so it is an odd function.
b y=fe=r
Since f (—x) () == =-1(x), s0 f is an odd function.
() y=f()=x"-sinx
Since f (—x) = (—x)° — sin (=x)
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. \
v bsiny
W sin x)
(X)), 80 /is an odd function,
Thus all algebraic functions with odd powers are@dd functions,
3 Symmetry:

(@) The graph of the function y = f°(x) is symmetric about the x -axis if replacing y by -y gives
the same equation. Consider the equation

yl =4x

Replacing y by v in this equation gives
(o) =

or, =4x

which is same as the original equation. So the graph of y* = 4x is symmetrical about the x-
axis.

(b)  The graph of an equation is symmetric about the y-axis if replacing x by —x gives the same
equation. Consider the equation.
y=x
Replacing x by — x in this equation gives
y=(=)
or, y=x* which is same as the original equation. So, the graph of y =’ is symmetrical
about the y-axis.

(c)  The graph of an equation is symmetric about the origin if replacing x by —x and y by —y
produces the same equation. Consider the equation

L+yr=4
Replacing x by —x and y by — y gives
" + () =4
or, xX+y'=4
This means that the graph of the equation x> +y* =4 is symmetrical about the origin.
Monotonicity of a Function

A function y = f(x) is said to be an increasing in an open interval (a, b) if

x; < x3 = flx;) <flx,) for all x,, x; € (a, b).

For example: Let y = f(x) = x* on (0, ). Then
1<2=f()<fQ)=>1<4
3<4=f(3)<f(4)=>9<16and so on.

Thus, the graph of y = f{x) = x* is increasing on (0, ).

A function y = f{x) is said to be decreasing in the open interval (a, b) if
X1 <x2 = f(x1) > f(xp) for all xy, x, € (a, ).

For example: Let y =f(x) = x* on (—o0, 0). Then
2<-1 = (2> (1)Y= 4 >1
S2)>f(-1)
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Also, <4 > =10 = [ (-4) < / (-10) and so on. Thus, the graph of y = f(x) = ¥is a decreasing
function on (-, 0).

A function y = /(x) is called monotonic if it is either increasing or decrcasing on the given interval.
In other words, increasing and decreasing functions are also called monotonic functions.

Note that y = f(x) is constant function in interval (a, b) if x; <x, = f(x)) = f(x2)

Y Y
t ‘
s y =/
S(x
Sx 1)
o] a x X (9] a xj X, b >X
Increasing function Increasing function
Y Y Y
A A A
Y=/
) > =.f x) y=f(x) 1)
f(xy) [y
o a x x; b A o] ax; . X3 x ol a x X X
Decreasing function Increasing function Constant function

7. Periodicity: A function fwhich satisfies the condition

fxth)=1(x)
for all x € A, where f: 4 — B, and k > 0 is called periodic function. The smallest value of & is
known as the fundamental period of the function.

Examples:
(@  The functions
f(x)=sinx
and f(x)=cosx
are periodic functions with period 2z because
f(x+2m)=sin (x +2m) = sinx
and f(x+2n)=cos (x+2n)=cos x
Also, we can write
f(x+2n ) =sin (x + 2nm) = sin x
S(x+2nm)=cos (x +2n ) =cos x for n =+1, £2, 13, ...
(b)  Since tan (x + ) = tan x
and cot (x + )= cot x,

So, f(x) = tan x and f (x) = cot x are also periodic functions with fundamental périod .

CamScanner
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Quadratic function
Let the quadratic function be

(a)
(b)
(c)

(d)
(e)

(O

y=f()=ax’+ bx +¢ (a+0)

The graph of this function is a parabola.
If a > 0, the parabola opens upward.
If a <0, the parabola opens downward.

The coordinates of the vertex are (— [—’, (—- —b-))
2a 2a

The line of symmetry is x = — 21 ;
a

The maximum or minimum value is f (— 21)
a

A

§_3._

¥
2a

X =-

Transformation of Graphs
Let y =/ (x) and ¢ > 0. Then

(a)
(b)
(©)
(d)

to draw the graph of y = f(x) + ¢ shift the graph of y = f(x) ¢ units up.

to draw the graph of y = f(x) — ¢ shift the graph of y = f(x) ¢ units down.

to draw the graph of y = f(x — ¢) shift the graph of y = f(x) ¢ units to the right.
to draw the graph of y = f(x + ¢) shift the graph of y = f(x) ¢ units to the left.
Y

A

y=xt y=(x-2)
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10.  Reflection
The graph of y = f'(=x) is the reflection of the graph of y = f(x) about y -axis.

The graph of y = — f'(x) is the reflection of the graph of y = f'(x) about x-axis.

Y Y
y =x2on x&(~o0, 0] ﬂt

3t y=x2on x€ [0,%0)

>
>

Reflection of y = x* about x-axis Reflection of y = ¥* on; [0, o) about y-axis

Examples:
1. Test the periodicity of the functions and find the period:

(@ f(x)=cos2x

Now,

f(x)=cos 2x = cos (2x + 2m)
=cos2 (x+m)
=f(x+m)

fx+m) =f(x)
This shows that f(x) = cos 2x is a periodic function with period 7.

(b)  f(x)=sinbx
Now, f(x) =sinbx
= sin (2m + bx)

— 21
= bl x+4L
sin (x )

A3
4 .

This shows that f'(x) = sin bx is a periodic function with period b

© S@=tan2x
Now,
f(x) =tan2x
=tan (m + 2x)

=ta;12(x+§) =f(x+§)
z

Thus, f(x) = tan 2x is a periodic function with period 2
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Show that f(x) = 4 — 3x is decreasing for all x € R.
Letx), x; € R. Then
N> =D -3y < -3y
=4 -3y <4 -1y
=) < /(%)
This shows that /'(x) is decreasing forall x € R.
Show that £ (x) = 3x + 4 is increasing for all x € R.
Letxy, x2 € R, Then
x>x =3 >3n
=3 +4>3x,+4
= £ (x) > ()
So, f(x) is increasing for all x € R.
Show that f(x) = ¢**! is increasing for all x € R.
Let x;, x> € R, Then
X1>Xxy =2x>2x
=S2np+1>2+1
o 2Rt 2t
= f(x1)>f(x2)
Thus, f'(x) = ¢! is increasing for all x € R.
Examine the symmetricity of the function f(x) =€ +¢™.
Now,
fx) =e"+et™
=e +e
=f)
This shows that f(x) = &* + ¢™ is symmetric about y-aixs.
Examine whether the function.
fE)=A1+x-A[1-¥

is even, odd or neither.

Now,

S =1+ (=) =\1- (=)’
ATFR TR
=f(x)
So, f(x) is an even function.
Sketch the graph of the function y = f(x) =3x + 2.

Applications of Anti-derlvatives |81

(@ When x = 0, y = 2. So, the graph does not pass through the origin. But it crosses

y -axis at (0, 2).
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(b)

(¢)

2
Wheny =0, x = - 1{- . So, the graph cuts x-axis at (—< %, 0),

When x>0, y > 2 and when x < - % ,¥<0.

The graph of f(x) with the above characteristics is as follows:

¥
A y=3x+2
0,2)¢2

2
t 3 + t t t t t
-1.5 - ; 1 13 2
—0.57
=11

—1.51-

8. Sketch the graph of y = f(x) =x* — 6x + 5.
Comparing given function with

(@
(b)
©

(d)

(e)

y=f(x)=ax’ + bx + c gives

a=1,b=-6,c=5

Since a > 0, so the parabola opens upward.

Whenx=0, y =5, So, the graph does not pass through the origin. It cuts y-axis at (0, 5).
Wheny=0,x*—6x+ 5=0

o, (x-1)x-5=0

or, x=15

Thus, the graph interests x-axis at (1, 0) and (5, 0).

x-coordinate of the vertex

y -coordinate of the vertex
~f(-2)=1@)=5-60) +5=-4

Vertex = (3,-4)
The graph is symmetric about the line
x = x-coordinate of the vertex
or, x=3
The graph of the given function with the above characteristics is given below:
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y=xt-6x+5

'(3a _4)

Sketch the graph of y = £ (x) = (x - 1) (x - 3) (x — 4).
The characteristics of the given function are:
(@  Whenx=0,y=-12 So, the graph intersects y -axis
at (0, —12). The graph does not pass through the origin.
(b) Wheny=0,x=1,3,4 So, the graph intersects x-axis at (1, 0), (3, 0) and (4, 0).
(c) Whenx<1,y<0. So, when x decreases y also decreases.
(d) Whenx>4,y>0 So, when x increases, y also increases.

(¢) - When 1<x<3,y>0and when 3 <x <4, y<0. This means that the graph lies above x-
axis when 1 <x < 3 and below x-axis when 3 < x <4,

The graph of the given function with the above properties is given below:

Y
A
8
6
4 y=@-1)(x-3)(x-4
2
2 19
_4..
-6+

K

Sketch the graph of y = f(x) = sin x on [0, 27].

(@) Whenx=0,y =0 So, the graph passes through the origin.
()  f(=x)=sin (-x) =—sin x =—f(x), So, the graph is symmetric about the origin.
(¢) Wheny=0, x=0,mx,2n.

~
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In "
(d)  The graph rises to 1 on [0, %] falls down to — 1 on [‘%, —2'] and again rises to 0 on

In
[ 7 21:].

The graph of the given function with the above properties is as follows:

Sketch the graph of y = cos x on —%Sx Slzt- ‘

(@) Whenx=0,y=1 So, the graph cuts y-axis at (0, 1).
(b) Wheny=0, we get,
cosx =0

= cos (i
n
2

or, x==

SIE]

So, the graph intersects x-axis at (—g , 0) and (% R 0),
(¢) f(=x)=cos(=x)=cosx=f(x)
So, f(x) is even function and is symmetric about the x-axis.

(d) For —% < x £0 the graph is increasing and for 0 < x < %, the graph is decreasing.

(e) Forallxe [—-725 : %] » 2 0. So, the graph lies above x-axis.

With the above mentioned characteristics we have the following graph:

Y
A
1
y=cosXx
©t I 0 i3 ¥ X
) 3
~]
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12. Sketch the graph of y = f(x) = tan x on __122 <x<k,

2 Y

(@  When x =0, v = 0 So, the graph passes through the : ﬂ‘ ;
origin. :

®)  f(=x)=tan (=x)=—tan x=-f(x) X =—% 'x -
So, f(x) is an odd function and the graph is symmetric 2
about the origin.

(¢) For —% <x<0,y<0, So, the graph is below x-axis. For y=fanx
0<x< %, ¥ >0, So, the graph is above x-axis. - % %

(d) Forallxe (—% , %), the graph is increasing.

13. Sketch the graph ny =f(x) =92%

(@ Whenx=0,y=1 So, the graph does not pass through
the origin. But it intersects y-axis at (0, 1).

(b) Forallx,x; €R,
n2u=2">2"
=f (1) >f(x)
So, the graph is increasing.
(c)  There is no symmetry.
(d Whenx—>—o00,y—0.

Q

RO S, . IO .
v
>

A

4-.

14.  Sketch the graph of y =f(x) =¢™.
(a) Whenx=0,y=1 So, the graph does not pass through the origin. But it cuts y-axis at (§,4).
(b)  Forallx;, x; €R,
X1>X D-x<-x
DeM<e™

= f(x1) <f(x2)

So, the graph is decreasing.
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(¢)  There is no symmetry.
(d  Whenx =0,y —0.

A

1234§ﬁX

15.  Sketch the graph of y = (x) = log>x.

We have

y=logx
or, x=2
(@) Wheny=0,x=1 So, the graph cuts x-axis at (1, 0).
(b) Whenx—>0,y—>—oo.
(¢) Forallx;, x; € (0, ),

x1>x,=> log, x> logs x;

=) >f(x)

So, the graph is always increasing.

(d)  There is no symmetry.

A



https://v3.camscanner.com/user/download

Applications of Antl-derivatives |87

EXERCISE 3 (1IT)

TEaASA ) - i

1. Examine whether the following functions are even, odd or neither:

()  f@)=x"+sinx (b)  f(x) =53+ sinx
©) f)=x'+cosx+3 @ fx)=Kk-3
€ f()=10"-10"

y Test for symmetry of the following functions:
@ f)=\4-¥ ® fx)=c+e*
© S@=+-x @ f@=5+t

(€ f(x)=sinx+cosx
8 Test for periodicity of the following functions and find their periods:
@ f(x)=sin2x (©) f(x)=sinx+cosx

() f@)=sinx+tanx d) f(x)=cos m
() f(x)=tan %x

4. Show that f'(x) = 2x + 7 is increasing for all x € R.
Show that f(x) = 7 — 2x is decreasing forallx € R.

Difficulty Level: B

6. Sketch the graph of the following functions:

(@ y=2x-1 b)) y=x-4x+3

() y=-x+4x-3 da y=2-

(e y=3% O y=logx

(g y=log,x (h) y=sinx for-2n<x<2n

2
i) y=cosxfor-2n<x<2n G) y=tanxfor-2n<x<2n
ANSWERS

1. (a Odd (b) Neither (¢) Even (d) Neither (¢) Odd
2. (a) Symmetric about y-axis (b) Symmetric about y-axis

(¢)  Symmetric about origin (d) Symmetric about origin

(¢) None
3. (a)  Periodic with period © (b) Periodic with period 27

(¢)  Periodic with period 2n (d) Periodic with period 2

(e)  Periodic with period 4n
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(®)

(h)

[ L L L T T TR P

sinx

y=

X

sinx

B4

O

)
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3.5 Application of Anti-derivatives

Area under a Curve Using the Limit of Sum (or Method of Summation)

Let y = £(x) =x* be a function. We find the area of the plane region bounded by the curve given by
y=x", x-axis and the lines of ordinates x = @ and x = b. Let us divide the interval [0, b] into n equal sub-
intervals having width 4. That is, b — 0 = hn = nh = b is the second ordinate and that of x = a = 0 is the
first ordinate.

Since y=f(x)= x*so,y=f(h)=h’asx=h.
Y

{\

9=/ ()

\ H E i A 1z

o h2h3h4h ... (n-Dh n

> X

Let 4,be the sum of the series of the area of the rectangles inscribed by the curve y = ** (i.e. the
sum of area of all the rectangles of type ABCD).

Then,
Ay = 0.0+ h(h)* + h(2hY + h.(3k)* + ... + h[(n - DA
Ay =0+ +4P+98° + ..+ (n—-1)" 1

or, A, =RK[1?+22+3*+ . +n-1)]

=,3[n(n+l)(2n+l):| [ z_mﬂ)(znm]
I 6 v Ent= 6
- s nh(nh + h) 2nh + h)
’ n 6
Since n — oo, & — 0 so taking limit at n — oo, then we have
lim A4 = lim  nh(nh+ h) 2nh + h)
n—0" " h0 6
b(b+0)(2b+0
A5 =0) 6( ) [ nh=b]
_b(2b) 20
T 6 6
lim b
n—o A =3 )

Again, let 4, be the sum of the area of the rectangles circumscribing by the curve y = x* (i.e. the
sum of the area of the rectangles representing by ABEF). Then,

A, = h(h)? + h(2h)* + h(3h)* + ... + h.(nh)? [ Area = breadth x height]
or, A=K +4P+98+ . +n’H
=R [1P+22+3%+...+nY)
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_ [n(n +1) (2n + I)]

6
Since, n -0, h — 0 so taking limit as n —» oo we have then
lim lim nh(nh+h) @nh+h)
n—0 " T h30 6
bb+0)(2b+0
_& )6( Al [+ nh = b]

lim o bQb) BB
or, "_mA,, ==z =€[2]='3‘

lim b
n—0" 3 (2)
Now, let us denote the area of the plane region bounded by the curve y = ¥, x-axis and the
ordinates x =a =0 and x = b by 4. Thus from (1) and (2) we have the relation as

lim lim
n—o Ay sA4s Nn—yo0 Ay
b3 b3
or, I <AL E}
b3
A_ 3 .

Hence, the area of the plane region under the curve y =f (x) =x* fromx=0to x = b is PA = 2 b

which is obtained by the method of the limit of sum.
Alternatively,

To find the area of the plane region bounded above by the curve given by y = f (x), bounded left
and right by the ordinates x = a and x = b respectively and bounded below by the x-axis then, by the
method of limit of sum we have to divide the horizontal length of the interval [a, b] into n sub-intervals
each equal to /. Thus, the plane region under the curve given by y = f (x), divided into n infinitely tiny
strips each nearly representing a rectangle. That is b — a = nh. Now let 4 be the area of the plane region
bounded by the curve y = (x), the ordinates x = a, x = b and the x-axis. Then we have,

Area of the plane region (4) = (Area of the 1* strip) + (Area of the 2™ strip) + (Area of the 3

strip) + ... + (Area of the n™ strip).

As n increases sufficiently large then 4 — 0, so in the limiting position each strip approximately
takes the form of a rectangle, then
Y
A

L
Ny =)

/

ol T osh —epmy X

y
X = @ = Ordinates —»x =5

{3
<

b
Area of the plane region (A) = I J(x)dx
a
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i
A ":'0 (A f () hf )y hf (3 v b (i)

lim
h=0
Hence, by the limit of sum, the area of the plane region under a curve is

b li
P I F(¥)dy = A '_')"0 h(f(h)+fQ2h)+f@3h) + ... + f(nh)], where nh = b - a.

h(f(h)+fQ2h)+ [ (3h) + ... +f(hn)) where nh = b~ a

Some relation which are useful to find the area by the method of summation
3 S nn+ l)
() En=14+2+3+..+n= 3
(1) =142 +3+ +"2="_@+l)(2n+ 1)
4
2
(i) EA=1U+2+3F+.  +n'= I:ngnz+ 1)]
@) s=2=d r=l
r—1
lim €' -1
/R WS T,

Use the method of summation (or limit of sum) to find the area bounded by the curve y = x*

the x-axis and the ordinates x =0 and x=1.
Solution:

Here, y = f(x) = x” be a given curve and the ordinates are x = 0 and x = 1. Now, the area of the
plane region bounded by the curve y= x*, the x-axis and the ordinates x = 0 and x = 1, by using the

limit of sum we have,
1
Required area (4) = Io f(x)dx
_ lim
“h—0
I}

im
o, 4=, _)Oh[h2+(2h)2+(3h)2+...+(nh)2]

= P2 +22+2 + .. +n
4 = lim h3[n(n+l)6(2n+l)]

B lim nh(nh + h) (2nh + h)
T h-0 b

_1(1+0)@x1+0) 1
; al

or, A

: 1 .
The required area (4) = 3 §q. units

h{f(h)+f(2h)+f(3h) + ...+ f(nh)] wherenh=1-0=1
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| ExamEle: 2 |

Find the area of the plane vegion bounded by y = 1 - .x, y = 0, x = 0, x = b using the limit of
sum.

Solution:

Here, the required area of the plane region bounded by the curve y = f(x) = | ~x, y = 0 (i.e., axis
of x) and the ordinates x = 0 and x = b is given by,

b
Required area (4) = J‘of(.\‘) dx

= Iﬁf o MU +f@h)+f(3h) + .. + [ (nh)] where nh = b~ 0= b

lim
or, A =h_)0h[(l—h)+(l—2h)+(l—3h)+...+(l—nh)]

lim
=;,__,0h[l +1+1+..+1 (upto n term) — (h + 2k + 3h + ... + nh)]

lim
“hoohl-h(1+2+3+ . +n)
_ lim 2n!n+1!
_ lim hn (nh+h) B
“bohs0 2 [ k=]

2
=b_b(b2+0)=b_%

b(2-b
The required area (4) = —(—2—1 $q. units

Example: 3

Find the area of the plane region bounded by the axis of x, the curve y = ¢* and the ordinates
x =0, x = a using the limit of sum.

Solution:
Here, y = f(x) = &*
Now, the area of the plane region bounded by the curve y = ¢*, x-axis and the ordinates x = 0,
x =a by the limit of sum is given by

Required area (4) = _[0 o) dx

= hlif:o h[f(h)+f(2h) + ... + f(nh)], where nh = a

: lim T .
o, A =, h[e"+e M+ +et
=hlin)0 h[elﬂh 4 eZ.ah + eJ.ah + .. +en.ah]
lim [e™ ige”"["— 1 a(-1)
"h—»o"[ e~ 1 ] ['-'S"‘ r—1 ]
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lim ™ @™ 1)
ho0| o™ 1 .
L ah a
- (‘l\ lcn (n) IJ o
lim o™ 1
h-0 “ i
B Cn (,n’ 1 [ lim =c"— | _ ]]
" 1xa “"h—>0 h
1@ -1
a

Required area (4) = % (c": —1) sq. units.

3.6

)

Application of Fundamental Theorem

Let y = f(x) be a continuous function defined in an interval [a, b]. Here we have to find the area of

the plane region between two fixed lines x = a and x = b = ¢ + h under the curve given by y = f (x). For

that let us take x = ¢ be a variable line between x = @ and x = b as
shown in the figure. Now, at first, we find the area between x = a and A
the variable line x = ¢. Suppose the area be A(x) and also the area

Y

between x =a and x = b is A(b). A
Obviously, the area betweenx=candx=c+h is
A(c+h)-A() (1)
Again, the area between these lines is approximately o X
hf(x) : )

have,

But the area in (1) and (2) are equal to the area of the plane region between the same lines. So we

Alc+h)-A(c)=h.f(x)

Alc+h) - A(©) hf()
Oy h T h

o, Ac)=f(x) forh—>0
Hence, A (c) is the ant-derivative of f (x). But /' (x) has a number of antiderivatives which are

different only by a constant. Now, if F (x) is an antiderivative of f(x) then we have by Riemann sum that

A(c)=Icf(x)dx=F(x)+c
Ifc=a,then A(a)=0=F(a) + c=> c=-F (a)

Andifc=b then 4 (b) = Ibf(x)dx=F(b)+c
= A= jz f(x) dx=F(b)-F (a) [ c=-F(a)]

Hence, 4 (b) = Ij S(x)dx=F(b)-F(a)
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Area as a Definite Integral

To find the area under the curve y = f{x) above x-axis and between the ordinates x = a and x = b,

we use the definite integral. For this regard, we have following working rule.

@)

(b)

()

The area of the region bounded by the continuous curve y = A y = f{x)
Sfx), above x-axis and the lines x = q and x = b is
4= r ) d
0 a b i

Note: 1f the bounded region is below x-axis, then the value of area will be negative. In this case we
consider magnitude only i.e., we neglect the negative sign.

j‘: feos|

A=

v y=1

The area of the region bounded by two continuous curve
y = flx) and y = g(x) and between the ordinates x = a and ‘):
x=bis

b

A= [ 1w —g(x)]dx\
a
o

The area of the region bounded by a continuous curve x = g(y), y-axis and between the lines y = ¢

d
and y=d is givenby 4 = I gy) dy
C

Y
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(d)  The arca of the region bounded by two continuous
curve x = f{y) and x = g(v) and the linesy=candy =d
is given by

A= ' [80) ~0)dy

Graph of Some Well-Know Curves

Here we will discuss about the graph of some familiar curves and their chief characteristics, which

are given below:
(a) Parabola
(i) Y =dax () x*=4by
X X
y2 =4ax \ (0, b) x2 = 4by
. X
o (a,0) 0
Vertex = (0, 0)
Focus = (a, 0) Vertex = (0, 0)
Focus = (0, b)
() Circle
@ #F+y=a @ G-h+@+R=F
' Y Y
A ﬂ\
(0, a)
_ /\\ :
0
(a, 0)
\/ et
\
Y Y
Y Centre = (h, k)
Centre = (0, 0) Radius =r
Radius=a
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2
© Ellipse: 2t '%; =1

(0  Whena>p

(i) Whena<b

(0, b) 0, b)

X"L(—a, 0)/\(01 0) »X X' —»X
Q‘/ g " 0)( j(a. 0)

(0.-b) il
{ 0.
Y .

‘ Find the area bounded by curve y = 33, x-axis and the ordinates x =1, x =2
Solution:

b
The required area is 4 = J. ydx
Where,y =3x*a=1,b=2

) 3
A =[3x2dx=3.[x§]2
1 1

=[x3]?=8—1=7sq.unit

Find the area bounded by the x-axis and curve y=x* and ordinates at the point (a, 0).
Solution:

The graph of this curve y = X (parabola) is shown in the following figure.

Y
/y=x2

A

00,0 @0 X

y

YI
The required area under the curve y = x* and between two ordinates x = 0 and x = a is

[ = [ea=[5]-5-8
3

a -
3 Sq. unit
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|ExamEle: 3]

Find the area enclosed by x-nxis and the curve y =x* - 10x + 24.

Solution:
When v = 0 then v* = 10x + 24 = 0
or, Moy Ax+ 240

or, N - 0)-4(x-6)=0
or., =4 x-6)=0

or, ¥ =4 or x = 6. So, the curve meets x-axis at (4, 0) and (6, 0). Thus the required area under the

curve y =x? - 10x + 24 and ordinates x = 4 and x = 6. So,

4 = ﬂ pdx = ﬂ (2 = 10x +24) dx
X 10"
=|:3 5 +241I

6 10.6°
=35 246[

—%— 180 + 144—%+ 80-96

—ZTIG—ﬁ—(ISO 80) + 144 — 96
152
3

152-300+144 4 4
== 3 =3 =73 Sq. unit

4 10 4

3 st it 24 4]

- 100 +48

Find the area of the region between y* = 4ax and x* = day.

Solution:
We have given curves y* = 4ax and x* = 4ay

Solving these two equations, we get

xz 2

(4_a) =4ax
4

X

162 =4ax

or, x'-64a’x=0
or, x(x—-64a’)=0

eitherx=0

From x* = 4ay
(4a)’
y="e=a

also,

Y
A
x2 = 4ay
0] éia X
¥ =4ay
v
YI
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Thus the curves meet at (0, 0) and (4a, 4a). So, the required area hetween given curves is given by

A= r [2(x) = Ax)]dx

) "[\/’—. _\__] it
J—: ‘ dax 4«1”‘"

Il
I
z
w
2
*$ ] [P
|
—
N | —
QJ
L)
o i
IS

3

=§33&X 8a X\/Z_I;_a64a3

_ 324 164>

~ 3 3
16a° .

="3 sqQ unit

4 I
(J@ oy 1oz (40)) -0 0)

Find the area of the circle x* + y* = a” by using the method of integration.

Solution:
We have the curve x* + 7 = ¢

Whenx=0theny=ta
When y=0thenx=*a.

So, the given circle with centre (0, 0) meets x-axis at (+a, 0) and y-dxis at (0, @) as shown in the

figure.
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. 1
Now, area of Q4B = I ydx
0

Putx=aqsin 0
On differentiating, we get dx = a cos 0d0
Also, whenx=0,0=0

whenx=a, 0=

STE]

So,
'r\}az—xzdt = JE\’az—az sin*@.a cos 0d0
0

=J7ia2 cos 6. cos 0.d0

=q Icoszedg

So, the required area (4) =4 area of O4B,
2

. 4 Fa __ 2
LA =4 4 =Tna
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e ~ EXERCISE 3(1V) . .
1. Find the area of the plane region bounded by the x-axis, the following curves and the given
ordinates using the limit of sum (or summation method):
(m) »y= P.x=a,x=b (b)) y=x,x=0,x=a
() v= W, x=0,x=¢ @ y=xx=0,x=1
() Cy=4&ix=0,x=q N y=e,x=0,x=a
@ vy=e"x=0,x=b (h)y y=e"x=0,x=b

2. Find the area bounded by x-axis and the following curves and ordinates:
(@ y=3*-2;x=1,x=4 (b) y=xx=0,x=2
(¢) y'=dax;x=0,x=a

3. Find the area bounded by y-axis and the following curves and abscissa:
(@ Y =dax,y=1,y=3 (b) xX=4by,y=0,y=b
(© y=x;y=0,y=4

Level: B

4. Find the area enclosed by axis of x and the following curves:

@@ y=3x-5¢ b)) y=x"-16
() y=x"-8x+15 d y=x"-10x+24
5.  Find the area of the region between the following curves:
(@ y'=xandy=x (b) Y =4xandy=x
(¢) Y =4axandx=a d) Y =xandx=4
(¢) )y'=4xandthelinex=y (f) y*=16xand the line y=2x
(8 ) =4arandthelinex=y (h) y*=l6xandtheliney=x

() y=x"and the liney=2x

G »= x° and the line y = x lying in the first quadrant

(k) y=x*+5and y=x*between the ordinates x = | and x = 2.
6.  Find the area of the circle by using integration:

(@ *+y'=9 b) F+y?=25
. A Find the area of ellipse by using integration:
2,7 2,7
@ gty &) G*ige!
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ANSWERS
Low e m © ¢ @ © 2o
® @-1 ®3 - O -1
2. (@ 57 M) 2 (c) %az
@ 6 W 3 © 64
L @ 2 w =° © 3 @ 3
S (@) -}; (b) g () 8?"2 ) 25%
© o 2 @ ¥ ) 2
O 3 0 7 ®
6 (a 9= (b) 25=m
7. () nab ®) 12n
noo
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Differential Equations

[ 4.1 Introduction

Difterential equation is an important branch of mathematics which has wide applications. It plays a
vital role in the solution of many problems encountered in modeling all natural phenomena including
cngineering, physical, biological and social sciences. Many practical problems like decay of certain
substance, change in temperature of body, increase in population etc., can be solved with the help of
differential equations. In this chapter, we will define and explain some basic concepts of ordinary
differential equations; order and degree, solution of differential equation, and different types of
differential equations.

4.2 Ordinary Differential Equation

. . . . . . ody. . . y .
The equation that contains the derivative or differentials (1.e., a‘}c) is called differential equation.

A differential equation involving derivatives with respect to a single independent variable is called
an ordinary differential equation (ODE). For example, the equations

£1-2—*-3-+-1 D% cin'= d2=£{.2+
i x+1, xdx sinx =235, Z\:V,dxxy

etc. are ordinary differential equations.

4.3 Order and Degree of Ordinary Differential Equation

The order of highest derivative term appearing in differential equation is called the order of the
differential equation. For example,

2
%— 5 % =0 is a differential equation of second order because the highest derivative occurring in
X

itis 2. '
The degree of the differential equation is the degree of highest derivative when differential
coefficients are rational and free from fraction. For example,

(a) xdx+ydy=0is first order and first degree differential equation.

2 3
(b) %—x); +2 (%) = xy is the second order and first degree differential equation.

2
() y % -X (%) = (C'is the first order and second degree differential equation.

4.4 Solution of a Differential Equation

Any relation between the dependent and independent variables which is free from derivatives or
differential and satisfy the given differential equation is called the solution of the differential equation.

The process of finding the solutions of a differential equation is to take the integration of the
differential equation.

CamScanner
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Consider the equation y = ¢¢' (1

. " dy
Differentiate with respect to x, :f“ = ¢e'
. ody
W ax 7

.. y=ce" is general solution of the differential equation ; '~y =0

Again consider y =a cosx + b sin x.
Differentiate with respect to x,

dy :

o =-—asinx+bcosx
Again, differentiate with respect to x,

d’y _

i =—acosx—bsinx

=—(acosx+bsinx)=-y

. _ . d
~. y=acos x + b sin x is general solution of the differential equation ﬁ +y=0.

Thus the number of arbitrary constants in the general solution is equal to the order of the differential

equation and vice versa.

4.5 Types of Differential Equations

(a)

®)

The differential equations are of two types
Ordinary differential equations (ODE)

The equation involving the differential coefficient with respect to a single independent variable is
called the ordinary differential equation. For example,

@) xy%+)/2=3 (i) %=o (i) ‘£§+ 5%+ 3 =xetc.
are the ordinary differential equations.
Partial differential equations (PDE)

The differential equation involving partial derivatives with respect to more than one independent
variables is a partial differential equation. For examples,

. 0z _0z o B O (62)2 o _

1) —=— i) =—=+===0 (i —=| +5-=0etc.
® ox Oy ) o’ oy (0 ox)

4.6 Differential Equation of First Order and First Degree

There are two standard forms of differential equations of first order and first degree. They are
dy_
@ L=/

(b) M(x,y)dx+N(xy)dy=0
We now discuss various techniques to solve such differential equations.


https://v3.camscanner.com/user/download

Differential Equations |105

4.7 Separation of Variables

If a differential equation of the first order and first degree is of the form

Si () dx =1(y) dy (h
where fj(x) is a function of x only and f3(y) is a function of y only, then we say that the variablcs are
separable in the given differential equation.

Such equations are solved by integrating both sides of (1) and adding an arbitrary constant of
integration to any one of the two sides. Thus, solution of (1) is

[f av=[f @) dy+C

Nete: The constant of integration C can be selected in any suitable form, For example, C can be replaced

byg ,log C, tan C, tan™'C, ¢“etc.

|Example: 1 |

Ive: 240 =
Solve s 2

Solution:

have, ¥* & =
We have i 2

dy_2
O i 2
A= 2
or, ly = ? dx
Integrating both sides
j. dy =2 _[;lz dx
-2+1

or, y=2- X

+C
-2+1 &

y==2+cC
X

Example: 2

Solve: 7:-5 =xlog x

Solution:

We have, % =x log x

or, dy=xlogxdx
Integrating both sides, we get

J'dy= J'xlogxdx

or, y=logxdex—J[%([ogx) J-x(b;:ldx
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or, y=log .\-.§_ _:.\?2 dx

or, y=logx. ‘72_% I,\- dx

or, y=logx -"‘;‘%%2-4-C
y=logx. %—%:ﬁ c

Solve: (1 + cos x) dy = (1 - cos x) dx
Solution:
We have, (1 +cos x) dy = (1 - cos x) dx

1—(1—2sin2£)
2 i

2X
2 cos 2 l)

or, dy=
1+

Y

sin®

N[ =

Cos

v [

or, dy=tan’ ;—c dx

Integrating both sides,
Idy =I tanzgdx

or, y= I(seclg—l)dx

X
tans

or, y= -x+C

1
2
y=2tan§—x+C

Example: 4

Solve: (1+x%) dy=(1+y") dx
Solution:

We have, (1 +x%) dy=(1 +)%) dx

or, (1+A)dy-(1+y})dx=0

d dx__
% T TR

On integration,
tan™ V- tan"'x = tan™'C
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o fY=X
or, ftan y 1 +xy =tan’' C

y=X
1 +xy

1

Example: 5

Solve: sec’x tan y dy + sec’y tan x dx = 0
Solution:

We have, sec’x tan ydx+ seczy tanxdy=0

Dividing both sides by tan x tan y

2. 2
secx i 4+3¢€Y
tan x tany

On integration,
log tan x + log tan y = log C
log (tan x tan y) = log C
S tanxtany=C
]Example: 6
T Solve: (vt +x) dx+ (nF +y) dy=0
Solution:
We have, (0* +x) dx + (% +y) dy =
or, x(¢P+1)dx+y(*+1)dy=0
Dividing both sides by (x* + 1) (* + 1), we get

y
x2+1 =0

ra =0

Cn integration,
1 1
Elog @ +1) +510g(y2+ ])=%IogC

or, log[(**+1)(*+1)]=logC
@+ +1)=C

Egquation of the form % =flax+by +c¢)

On solving the differential equation of the fonn"lz~ f(ax + by + ¢) we put ax + by + ¢ = v which

makes easier to separate the variables. One example is done as below.

[Example: 7
Solve: (x +y + 1) % =1 [CTEVT 2071
Solution:

Here, the given equation is
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Let

(xtypt l)‘-{-‘-'= |

Difterentiating with respect to x on both sides,

or,

Now, equation (1) becomes as,

or,

or,

or,

or,

or,

or,

dx
& ik | =y
+£i).'+ =.(_1!
l dx g dx
.d.L’:.d_v_l
dx dx

vdv _
1+v

K—UIT: —1 gy =dx
v

[1- ! ]dv=dx
1+v

On integrating,

or,
or,
or,

or,

jw-jl dv=[dx

1+v

v—log(1+v)=x+C,

xty+l-log(l+tx+y+1)=x+GC

y+1-log(x+y+2)+C,
y—log(x+y+2)=C, -1

y—log(x+y+2)=C, whereC=C,-1

()

EXERCISE - 4(I)

Difficulty Level: A

Solve the following differential equations:
1. «x - y

dx

. 2.4V _
3. (D)7 =xm

g &=

]

I'\‘
= |+
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AV g ox =M
dx

dyv_1tcos2y
dv 1 =cos 2x

(I+x)yde+(1+y)xdy=0

Difficulty Level: B

Differential Equations |109

0. !-l)—’ ((" | I)y
dx

8. T Cdy+A[T-Y dx=0

[CTEVT 2073)

log (%) =ax+by

(o +x)dy—(xy+y)dx=0

= &

=(x+y+1)’[CTEVT 2073)

&

dy__xty
dc x+ty+l1

1. ¢7de+e™dy=0
13. tanxdy+tanydx=0
15. Xdy-y'dx=0

i l+£12=g‘+y
17 i

cos y dx + (1 +2¢™) sin y dy =0 given y=%whenx=0.

| ANSWERS
1. y=C 2. x=C
3. y=C\/x2+1 4. y*=2¢'+2c+cwherec=c¢
5. y=%e3"—xz+c 6. logy=e'+x+C
7. cotx+tany=C 8. x\l-y'+y4l-x*=C
9. logxy+x+y=C 10. be"+ae®=C
11. &+e¥=c 12. x=cye™

3
13. sinxsiny=C 14. e"=e‘+x?+C
15. x—-y=cxy 16. x+y+l1=tan(x+C)
17. x+e¥®=C 18. y+%log(2x+2y+l)=x+C
19. (¢ +2)secy=32

aao
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4.8 Homogeneous Differential—Eqﬁétions 1
h(x,y) .

A differential equation of first order and first degree of the form %= g(x, y) 'S said to be

homogenous if both the functions h(x, y) and g(x, y) are homogencous functions of same degree. The
homogencous equation can be expressed as

av_ (2
dx f( .\')

The homogeneous differential equation can always be transformed into a variable separable form by
setting y = wx to define new variable

)
We have <X == r(x y) =f (X) 4))
Put y = vx, and differentiate with respect to x
dy dv
W 1 _)_= )+ X —
¢ have, it ! xdx 2

From (1) and (2), we get

vx®=r)

Separating the variables, we get & f(v) >
Integrating, we get
logx+C=
J I 9

After integration, replace v byz to get the solution of the given differential equation.
X

Example: 1

1 :LI-K="‘+
Sovedx —-Ex

Solution:

We have, dy_xty
dc x

ie, = % M

It is homogenous equation, so wet put y = vx and differentiating we get
=y pdy
d | dx - @

From (1) and (2), we get
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dx ,
or, dv= " [ Separating the variables]

On integration, we get
v=logx+log C
or, v=log(Cx)

Replacing v =€

y=xlog (Cx)

|Example: 2 |
2

2
o Ay X+
Solve: e —zx-!!-
Solution:
24 .3
We have,%fl#

d 2 2 (M
It is homogenous equation, o we put y = vx and differentiating we get

AL )
From (1) and (2), we get
é!:l-}—lvz
de 2 2

42:.1_-}-1‘,2_ =V2—2v+1
or, X 72 \

vt+x

dx 2
2dv__ _dx
o F-2v+l «x
2dv_ _dx
s (v—l)z x
Integrating, — (‘1_2_ l)=10gx+logC
or, ——2—=log(Cy)
&
2x
- = log Cx.
or, (y_x) 0g LXx.
2x = (x—y) log Cx.
LExample::!

Solve: x* %=x1 +Xxy +yt

Solution:

We havc,xZ%::xz +xp+y
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or, dyoy42y ("-)

dv X \X

It is homogeneous equation. So we put y = vx and differentiating we get.

dv " d\
dx d \
From (1) and (2), we get
+\Zi£= 1 +v+?
or, :2 1+V
dv__adx . )
o T4 x [Separating variables)
On integration,

tan™'v=log x + log C

-1 x
[ ez
tan™ G) =log (Cx)
Example: 4
2
Solve: 2%=£+§,

Solution:
We have, 2 2= +§
e have T
It is homogeneous equation, so we put y = vx and on differentiating we get,

From (1) and (2), we get
2(v+xdx) v+

v
or, 2v+2xz=v+v2
or,

or,

or,

or, 2"(#—-1-) dv=%

On integrating,
2[log (v-1) - log v]= log x + log C

)

(2)

(1

@
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or, 2log (ﬂ) = log (Cx)

\Y

2

or, log (l —%) = log (Cx)

o AN
or, log (LV—‘) = log Cx
y—x\
or, ( v ) = Cx

(- .\')2 = nyz

gxample: 5

Solve: k%=y—x tan G)

Solution:

The given equation can be written as

dy_Y_tan @ (1)

dx x

Which being a function of G), is homogeneous. So we put y = vx and on differentiating we get,

Doyl @
From (1) and (2), we get
v+x % =y-—tanv
dv 1
—={ N
or, xT-=-—tanv=———
or, cotvdv= _i_x [Separating variables]

Integrating, j%’% dv = 1' 1y
x

or, log (sinv)=-log(x)+logC
or, log(sinv)+logx=logC
or, logxsinv|=IlogC

o, xsinv=C_C

X sin e)=C


https://v3.camscanner.com/user/download

114| Engineering Mathematics - Il

EXERCISE - 4(II)

b ————

Solve the following different equations.

Loty
Yody 2y

3. @-y)dy=2pdx
5. %=f+sin e)
7. yzdx+(x2—xy+y2)dy=0

9. Xydx-(X+y)dy=0

2.

dy
dx
4 i tan

(=%
=
<
<
&
Il
3
+
s
&

10. xsin ﬁdy= (y sinf—x) dx

[ ANSWERS ]
1. F*y'=Cx 2. x+2xlogx=Cx 3. y=C(+y)
4. Sin(Y)=cx 5. tan ()’2;)=Cx 6. y+\Z+y =02
7. y=Cetan™ e) 8. cot G) =logx+C
X
9. y=ce Y 10. cos §= Inx+C.

aaa
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EQ Linear Differential Equation

A differential equation is said to be "Linear Differentinl Equation" of first order if it is in the form
dy
e Py= () (1)

where, P and Q are the functions of v only (but not of ) or constants.

. ’ \ : . L d
Note: Another possible form of lincar differential equation is dy -+ Px = O, where P and Q are

functions of y only (but not of x) or constants.

Solving Method:
To solve such type of differential equations, we first determine a function R(say) of x which is
called "Integrating factor (I.F.)". Then we multiply both sides of the given equation by R as follows:
p .
RS-+ PRy =RQ @)
Here, we choose R such that L.H.S. of (2) becomes differential coefficient (i.e. derivatives) of (vR).

That is, %@R) =R £1«’5+ PRy

d d
Rl'l'y—— l-}- PRy

oL Rax™Vax ™ Ndx
dR
= Vo PRy
dR
o, R= Pdx
On integration, we get

or, logR=[Pdx
R=¢" whichisa required mtegratmg factor (i.e. LF.)
Now, multiplying both the sides of equation (1) by LF. We get

dy
[eP] 5+ P[]y = 0[]
or, 50 .= 0k

On integration, we get

y.ebdx = ,[Q.el”d" +ec
which is the required solution.
Working Rules

1. Convert the given differential equation in the form s = Py=Q

2. Find LF. by integrating P with respect to x i.e. _[de and make the power of e, ie. LF. = ebd.
d

3. Multiply both sides by LF. that is p (yxLF)=0xLF.

4. Integrate to find the required solution as y x LF. = IQ xLF.dx+ec.

Note: I the linear differential equation is of the forfn%%— Px= 0, where, P & ( arc functions

of y (not of x), then LF. = ew"and solution willbe xx LF.= IQ x LF.dy tc,

CamScanner
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[Example: 1_|

dy vy
Solve: f\‘ +i‘. =2

Solution:
Here given differential equation is,
ay y
— = .
dv x 2

Comparing it with % +Py=Q, we get

p=% and Q =2x
1

[x

How, the integrating Factor (L.F.) = b = ¢
The general solution is given by
y(LF) =0 (LF)dx + ¢
or, y(x)=[x (x)dx +c
or, yx= ZJ'xj dx

or, yx=2%+c

2
y=q*
IE(ample:Z ]

d
Solve: x"ixz+y =x*

Ll Lo

Solution:
The given differential equation is

=il
xdx+y—x

which can be expressed as
dy 1 '
&y y=x

Comparing it with % +Py=0Q, we get

P=% andQ=x’
1

=dx
Here, the integrating Factor (LF.) = el = g I = o
Now, the general solution of equation (1) is given by
y(LE) =0 (LF)dx + ¢
or, yx)=k xdx+c

or, xy=['dx+c
5

X
or, xy='§ + ¢

= =y,

=X.

(1

(M
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) = .L." + E
Y=s5 Ty

which is the required solution of equation (1).

‘Example: 3 |

Solve: (1 +x%) % + 2y =4x!

Solution:
To reduce it into standard form of linear equations, we divide it by (I + x?) on both the sides.
dv ( 2 ) 4 :
a T+ )V T+ 7 (M
Now, by comparing this equation with % + Py =, we get
P= Z‘ and Q= 'ix—z‘z
or, [Pdx = Il—+£zdx
=log (1 +x)

s LE. =ePt= it q 2
Multiplying both sides of equation (1) by LF., we get

dy 2 4
(I+x) g+ 1+ 77 2.0=( +x2)'(2—+;25
d
or, Ze[(L+x)]=4¢
On integration, we get

4
y(l +x2)=§x3+c.

IExampIe: 4

dx
Solve: y z=x+ 2’
Solution:

The given equation is in the form of % +Px=Q

where P and Q are the functions of y.

HCI’C dy == 2}’ (1)
I

Thus, P = -; andLF.=eP¥=¢ _Y)dy = gl =$

Multiplying both sides of (1) by%, we get

ldx ‘lzx 2
ydy y*=Y

d 1
or, dy( ) 2y

On integration, we get
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X
- Rydx

. 3
ie. X=) +cy

Note:
, d: : h
The above equation can also be written as (x + Zy‘) ;ﬁ = y and solve accordingly if it shows the

easy way.

dy

2 cosxdx+4y sin x = sin 2x

Solution: The given differential equation is : 2 cosx j}f + 4y sin x = sin 2x

Dividing both sides by 2 cos x we get,

d
or, a‘ﬁ+2ytanx=sinx 1)

Comparing it with % +Py=Q, we get

P=2tanxandQ=‘§t)x
Here, the integrating Factor (LF.) = gliam ds — g2logssecx
Multiplying both sides of equation (1) by LF. and simplifying, we get.

d
sec’ x 25 + 2y sec’x tan x = sec’ sin x

log sec2x

2
=e = secXx.

d(y sec’x) = sin x. sec’ dx
On integration, |d(ysec’) = [sec x. tan dx
ie. ysec’x=secx+c which is the required general solution of equation (1).

d
cosxz%+ysinx=sec3x

Solution:

d
Here, jé +y tan x = sec’x

Comparing we get
P =tan x and Q = sec’x
Here, LF. = P& = ¢ homic = gogseer g0y
The general solution is y (I.F.) = [ Q. (LF.) dx + ¢
or, ysecx= [sec’x. secx dx + ¢

or, ysecx=]sec‘xdx+c= I(1+tanzx)seczxdx+c
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SRR I I )
or, yseex = .[\c(‘ Xy + Jmn’.\' sec’y e

or, yseex = fanx + f\" dv e fory = fan x (sny)

R

or, Vsecx = fanx l-‘T LV

1 - . :
ysecx = tanx +y tan’x + ¢ which is the required general solution.

|Example: 7

d
x(x*+1) &‘E =p(l-xh)+x* log x

Solution:

512 x -1 x* log x
The given equation can be written as pr T g )Y T A+

which is in the form of QX + Py = Q comparing we get

p= r_(xr:ra“dQ rIo r
Here, LF. = ¢
Where, [Pdx = J.—(?__‘_IT)dx [ ( +11)xdx
Put,x’=¢t . 2xdx=dt

1 . .
IPds =2 t(t+ 1)d J (t+1 )dt [ .- by partial fraction]
t+1 2+
=log(l+1)*%logt=log -J_t =loglx 1

LF. =e10g(f:1) =x2:1

Multiplying by LF. and integrating, we get

2 +1 Plogx ¥*+1
Y- =‘[_:cr+-gl_ X dx

X

2 1 .
= [x logxdx = =, logx — ﬁ .—dx [.. Integrating by parts]
2 2 %

Y+ X X
y =7 logx—"7+c

X

Example: 8

'_dl= —
Solve: ;- Xy —xy

. d
Solution: Here, the given differential equation is ;ﬁ =xy ~xy

Dividing by y* on both sides we get

1 d
or, ?ﬁ=x3—fz

ldy x_ 3 1
or, ?dx+?—x Q)]
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dy
Put -2—‘w =y 50 that —lt:‘?" o Thus, equation (1) becomes as,
i 2
i‘j + 2w =2 [ -27 =2xv]

dv
Comparing it with == e Q we get

p=2v and Q=x'

2 b
; vy X
l.F.=c"‘"‘=eF =¢ =¢

The general solution of the equation is given by
v(LE)= [RQLF)dx+c

2 2
or, v.e¥ = [?e*dx+c puttingx* =1 then 2x dx = dt i.e.xdx=';‘ dt

NI"L.

or, Y= PeX xdrte

or, v.ex = Ile'idt+c

o, v.e x2=%te—f(l)edt]+c
or, v.e¥ = l[te'—e']+c
’ . 2
2 1 2
o, v.e* =5e e* [F=I]+e
. 2 1 2c
o, v.e* =3e JL%[x’—]]+?x2

or, (f_1+2‘§-)

NI <
— o
o
il
B | —

=x2—l+2ce""2

which is the required general solution of the given differential equation.

. :Example: 9 l

dy
Solve: i T =%y 0)=0

<J~

Solution: Here, % + ay=e™ (1)_

o d
Comparing it with ;1{ +Py=Qweget,P=aand Q=¢€""

Now,
I.F.=ew" =ej'““=e"£“ = v

The general solution is y (1.F,) = I QF)dx+c

o, y.e* =™ e dxte=Je™ 9ax+c
(m+a)x

“mta) "

& . e C

o V= mta) T "

or, y.e”
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o™
Y= +ee
((l + m) C

Given that ag x = 0 = y=0

-

(2)

Difficulty Level: A

S C(O\m 1
0, Os=——— 4 pp ™™ ., .
(@a+m) " atm ¢
B 1
g T a4m [from (2)]
™ o™
S atm " a+m
EXERCISE - 4(Illl 7
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Solve the following linear differential equations:

@ DL4log ®) dy=(5y - 10)dx ©
dx X
d\' _ ) = ‘! / + = 7%

@ - ny=x (o) _ldx 2y = 6e )

Difficulry Level: B

dy,y _]
dx+:‘5— '

Tan x%+y = sec x

2 Solve the following linear differential equations:
v 1 _,2 dv Y _ dy -
a 4+ Ly=4; ay Y _ &
(a) o TRy 4x (b) drx 3 (¢ «x I +2p=x
) y 5 d
C) (r—l)%+20’=1 (e x%+)’= log x ® xlogx"'i‘% +y=2logx
. dy ,
(2 Smxzx‘ +ycosx=xsinx
ay
(h) coszxa% +y =1
" d
@ :1% +ytanx=y secx
d :
3. x:é +y=x" fory(x) =0whenx=3.
ANSWERS
L (@ y=5% ®) y=2+ce” © y=1+ce
d y= —% + Cexz () y=2"+ce™ () ysinx=x+c
2 = ]+£ (b) =x4+cx (c) =..1..:_3+1.
. @ y=x+7 y y=3x+ge
? (4
d yx-1)=x+c (¢ y=(logx-1)+7 () y=logx+logx
(8 y=-xcotx+1 +ccosecx (h) y=1+ce ™
2 ] 2 3 _i 2
(i) cos’x=(c—-2sinx)y . ¥ =Ty T
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4.10 Exact Differential Equation 1

A first order differential equation M(x, y) dx + N(x, y) dy = 0, where M and N are functions of x or y
or both, is said to be exact if there is a function f(x, y) such that

M(x, y) dx + N(x, y) dy = df (x, y).
Here df (x, y) is known as a total or perfect differential.
For example, the differential equation ydx + xdy = 0 is exact because the product rule of
differentiation gives

d(x, ) =%(W)d?f=(y+%)dx =ydx+x%-dx=ydx+xdy

The solution of given differential equation can be obtained by integrating the differential d(xy) = 0
which gives xy = C, where C is an arbitrary constant.
But the differential equation xdy — ydx = 0 is not exact. However, it can be made exact if we

multiply both sides by L to get XY 14X _ 4 (¥) Here the factor - is called the Integrating Factor (LF.).
e 2

If an equation of the form Mdx + Ndy = 0 is not exact, it can be made exact multiplying by some
function of x and y. Such a multiplier is called an Integrating Factor (LF.).

Although an equation of the form Mdx + Ndy = 0 has integrating factors, there is no general method
of finding them. For some differential equations, it may be possible to find an integrating factor even by
inspection. The following table will be helpful to determine an LF. by inspection.

Differential equation LF. Total differential
1.  ydx—xdy ;}z d (y)_c)
2.  xdy-ydx ;17 d G)
1 (Y
3. xdy-ydx ?-4'—)12 dtan (‘)
4.  xdy-ydx L dIn G)
4
5. ydv—xd 1 dtan z)
. yax-—xay ;z+—yz tan
6.  xdy+ydx xly dIn (xy)
Condition of exactness : The differential equation M (x, y) dx + N (x, y) dy is said to be exact if and
..OM ON 0 0
only 1 ?y- = where or and E represent the partial derivative with respect to x and y respectively.
Example: 1
Solve: xdy + (x +y) dx=0
Solution:

We have, xdy + (x +y) dx=0
It can be written as
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(xdy + ydx) + xdv = 0

d(xv) +d G ‘\'3) =0

. N )
or, d (.\.\ 4 -5.\ ) 0
On integration, we get

. .
X} ':.\ =()

[_l_-:;ample: 2
Solve: 2xy dy — yldx =0
Solution:
We have,
2xy dv — y*dx =0
Dividing both sides by x* we get

) ) — '2 G )
b_‘dll- Zd.x:O = d(§)=0

On integrating,

VZ_ . 2 __
__( = =

[Example: 3 |

k) dx—2pdy=0

Solution:
We have, (x + %) dx - 2xy dy =0
or, xdx+ (y%dx-2xy dy) =0
Dividing both sides by x*, we get

2
1dx+)i7m— =0

or,
or, d(Inx)—d(y— =0

On integrating,
i

Inx—-==C
X

y¥=xInx-Cx.

Example: 4

Sol dy _x-y+1
0vedx P

Solution:

We have, 511 x-y+i
x+y+1
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It can be written as
(x+y+Ddy=(x-y+1)dx

or, xdy+ydy+dy=xdx-ydx+dx

or, (vdy+ydx) +ydy —xdx +dy - dx=0

or, d(y)+d G _Vz) -d (—;— .\'2) +dy-dx=0
or (1(\‘\’ +lv2—-l-x2+y—x)=0
) N/ 2 v 2

On integrating,
xy +ly2 Lg +y-x=C
27 2
or, 2y+y-x*+2-2=2C
Ly +y -+ -w=K
where, K = 2C is an arbitrary constant.

Show that the equation is exact and solve it: : .
(x+y-1dc+(x-y-2)dy=0 [CTEVT 2071, 2073]
Solution:
Here, the given equation is,
(x+y-1dx+(x-y-2)dy=0
Comparing it with Mdx + Ndy = 0, we have

M=x+y-1and
N=x-y-2
NOW,Q,‘M —1and ¥ - 1. As oM =QI—Y, so the given equation is exact.
oy Ox Yy Ox

The solution of the differential equation is given by,
IM dx (taking y constant) + IN dy (terms not containing x) = 0
= [G+y-Dde+ [(-y-2)dy=0

2
= 52-2+xy~x+ Cl—%—2y+Cz=0

The required solution is % +xy—x—§—2y =CwhereC=C,+C;

Alternatively Method,
(x+y-Ddx+(x-y-2)dy=0
or, xdx+ydn—dx+xdy—ydy—2dy=0

on, 3d)-3d(7)+d(0)-ds2dy=0

d (‘xzi—%) + d(xy) —d(x + 2y)

O

-

or, d{l%—y2 +xy—(x+2y)} =0

-y +xy-x-2 =C
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——

EXERCISE - 4(1V)

a——

1.

Solve the followings on reducing into the exact form:

(8) xdy—-ydx=0 (b) 2ydx -x'dy=0

(c) xdy+(x+y)de=0 @ (+p)dy+(y-x)de=0
2xp dy - yldx + 3x%dx =0 dy_y-x+tl

(e) Z2xydy-y‘dx+3xdx ) ey

(® Ml+xy)dx-xdy=0

—

2.  Show that the following differential equations are exact and solve them:
(@) (2ax+ by) ydx + (ax + 2by) xfhy =0
() (0" +x)dx+(x +y)dy=0
© +39)de+ By +y)dy=0
@) ('-x)de+2dy=0
(e) dx+(xe+2))dy=0
O &+ + @y +y)dy=0
(8) sec’x tany dx + sec’y tanx dy =0
(h) xdy —ydx = (" + y)dx
(i) Qu+e)de+ (K +xe)dy=0
0 Gx'+3x% - 207 dx + 2Py - 38 - 5yY) dy =0

ANSWERS
1. (@ y=G (b) x*=Cy
2
© 3= @ 2xy+y-x*=C
(e »'=Cx-37 ® P+y+10p-2x=C
2
XX =

(2 ;*‘ )

2. (a) aty+bx'=c b H+xr+y=c

3
(©) x'+6x+y=c @ »'-F=c
(e Y=c-x¢ ® 2.t3f!-2y3+3fy2=cwherec=6cl
(@) tanxtany=c (h) y=xtan(x+c).
() *y+xe=c () P+xy-xy-y'=C
aaa
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4.11 Simple Applications of First Order Differential Equation 1

The applied mathematics is a tool which is used to solve the mathematical problems practically. For that
it needs to develop (and to know) the rate of change of quantities with respect to their phenomena (or
surroundings). Mathematically we denote them by their respective derivatives and then it need to convert
into the mathematical model in terms of differential equation. Here according to the syllabus, it need to do
the modeling of first order differential equations only.

We recall that Mdx + Ndy = 0 is the first order and first degree differential equation, where M and N are
functions of x and y. It can be written as

vy M
dc N

There are various applications of differential equation in engineering, physics, chemistry, business.
economics and so on. Many real world problems in engineering and physical sciences can be modeled in
terms of differential equation, for example Newton's law of cooling, population growth and decay. prev
and predator problem, harvesting renewable natural resources, electric circuits, orthogonal trajectories.
falling body problems etc.

The higher level formulations and applications of differential equations are beyond of this level. Here, we
present some of the simple applications of first order and first degree differential equations in the
following examples and problems.

4.12 Applications in Coordinate Geometry W

l Example 1 ]

If the slope of a curve at every point is constant, then show that the curve is a straight line.
Solution:

. : ; d
According to the question, the slope of a curve is constant. Therefore, we have a‘xz = m (constant)

ie. dy=mdx
Integrating, we get y =mx +c,
This is a straight line, where c is any constant.

|[Example ZJ
If the slope of a curve at a point varies as the ordinate of the point, find the equation of the

curve.
Solution:
According to the question, the slope of the curve at a point varies according to the ordinate of the
point.
) dy :
That is, we have y ky, (k is any constant)
d .
ie., y = kdx [ - Separating the variables)

Integrating, we get logy = kx + log ¢
ie., logy=1loge™ +logc
ic., logy=log (ce®)

y=cé®
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Exampied |

If the normal at every point of a curve passes through a fixed point, show that the curve is a
circle.

Solution:

. . 4 d
We know that the equation of normal to the curve at any point (x, y)is ¥y =~ ‘(i (X-x)

- . b
If it passes through a fixed point (x}, y), then yy -y =~ Z_Ii ()~ x)
ie. (-y)dy+(x;-x)dx=0
Integrating, we get
1 1
0=y 435 -x=c

ie. -y +@x-x)=2
(x—x)* + ()" =% where 2c = /2

This is the equation of circle.

[Example 4
If the radius of a circle is increasing at a uniform rate of 2cm/sec, find the radius of the circle
after 10 secs if the initial radius is 6 cm.

Solution:
Initially the radius of circle is OA = =6 cm. Let OB = R be the radius of the circle after 10

second. The change in radius is %—I: = 2cm/sec

. dR
Le, /= 2 5
1.e., dR=2dt
Integrating, we get
R=2t+c Q)
Initially, whent=0, then R=r=6
c=6
Putting ¢ = 6 in (1), we get
R=2x10+6=26
Thus the radius after 10 second is 26 cm.

|Example 5
If the portion of the tangent to a curve included between the coordinate axes, is bisected by
the point of contact, show that the curve is rectangular hyperbola.

Solution:
Let the tangent to the curve y = f (x) cuts the x-axis at A and the y-axis at B. Let P(x, y) be the
point which bisects line segment AB. The equation of tangent at P(x, y) is
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Y-y=SE-y) (1) ’

Since it passcs through A\, 0),

y=-9

B(o,y)

P(x,y)
pahe il
X=X - (2)

dx

X
Again line (1) passes through B(0,y) Y A (X, 0)

dv
Y—y= ;& (~x)

dy
or, Y=y—.\'a‘% 3)
Since P is midpoint of AB, we have
_X+0 L X
xX=" = 2% x—g.E
dx
0+ dy
and y='—22:>2y=y—xa'i
Both of these results give
d
xa‘%=—y
1.e., 512+Q=0
y x

Integrating, logy + logx =log ¢’
ie. logxy=logc

xy=c
which is the rectangular hyperbola.

4.13 Application in Population Growth

We consider the growth of a population (either of human, animal or bacteria etc) as a function of time .

Let x (¢) be the size of the population at any time 7. Though x() is integer valued, we approximate x(f) as a
differentiable function.

Assume that the population grows at a rate directly proportional to the volume of population present at
that time. Therefore, we have
dx

Z=Ia (1)

where k is the constant of proportionality. We consider k > 0 since the population is always
increasing factor.

The equation (1) can be written as
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dx
- kdt
Integrating, we get
log x =kt + log ¢
1.0, logx = log ¢ + log ¢
1.e, X =cet
() = e (2)
The value of ¢ and k are determined with the help of initial conditions.

Th‘c equation (2) shows that the population increases exponentially with time ¢. This law of
population growth is called Malthusian Law.

Example 6

In the initial stage, there were 5 lakhs bacteria in any decayed substance. Three hours later the

number has increased to 9 lakhs. Find the number of bacteria at the end of 12 hours, if their
increment rate remains same.

Solution:

Let us tabulate the given problem which makes us easy to solve the problem.

No. of bacteria (in lakhs) 5 9 3

Time in hours 0 3 12

Letyo and y represent the initial population and the population after time ¢ hours. According to the

: : . ; s e ol &y _ .
given question the growth rate of bacteria is proportional to its size. i.e. 5 Y = g (c) is

proportionality constant)
dv
or, & cdl.
J)
On integrating, we get, log y = ct + log k where logk is an integrating constant.

logy—logk=ct

= % = ¢

y=ke M
Case - I : When ¢ =8 and y = 5 then from equation (1) we have,

5=keé

k=5
from (1), we get y = 5¢” )

Case-JYI: When/=3and y=9
from (2) then we have
9=5¢"

9
)30 = =
or, ¢ 5 1.8

or, 3¢ =log(1.8)
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¢=0.1986
Again from (2) we gety = 5¢'%! 3)
Case - Il when ¢ = 12 hrs.
From (3) we get
= 5N 50 %12 - 5 10,5 = 52.5

Thus, the required number of bacteria at the end of 12 hours is 52.5 lakhs.

The growth of population is proportional to the mumber of present population. If the
population of a colony doubles in 50 years, in how many years will the population become

triple?
Solution:
Let x(¢) be the population in time t. Clearly we have % =kx
. dx
1e., —=kdt
X
Integrating, we get

logx=kt+logc
ie., logx=loge"+logc
ie, x=ce . (1)
Let xo be the population when = 0.
Then xo = ce” = c=x,
From (1), we get x = x, &
Now x = 2xo when £ =50
From (1), 2x0 = xo &%
ie, 2=¢%

ie., 50k=log.(2)

1
k=§6log2

!
. 50 log2
Now from (1),x=xp e
i
ie, x=xp elos (2)50

1

50
xX=x2

This is the population at any time .
Again assume that the population is tripled in ¢, years.
That is, x = 3x, when t =,

LR
50 log 2
From (1), 3xo=xp €
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&,
log 2
e, 3 =c50 o

. {

i.c., log3 =§8 log 2
. _ log 3
1.c., S50 Iog 2

Therefore, the population is tripled in

log 3) -
.50 (Iog 5 ) years.

We recommend the students to explore the other similar applications of differential equation, for
example Radioactive decay, Newton's law of cooling/warming and mixture problems.

EXERCISE - 4(V)
Difficulty Level: A
1. If the slope of a curve at a point varies as the abscissa of the point, show that the curve is parabola.
2. If the slope of a curve at a point varies as the reciprocal of twice the ordinate of the point, show

that the curve is a parabola. And hence find the equation of the particular parabola which passes
through the point (4, 3).

3. If a particle moves in a straight line with uniform acceleration f, starting with an initial velocity u,
prove that ‘
|
(a) v=u-+ft (b) s‘=ut+§ft2

(©) V=ut+ 2fs.

where, s and v have usual meanings.

4. Show that the equation of the curve whose slope at any point is equal to (y + 2x) and passes
through the origin is yz(¢* —x— 1) .

5. If the rate of population growth is 5% per year then how long time does it take to be double?
40 % of wet clothes dry in 1:40 hours. How long time does it take to get dry of 90% clothes?

Answers
2. Y=kete;y -9=k(x-4)
log (2) years
T=7:30hrs
0aa
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4.14 Partial Differential Equation ﬁ]

An cquation mvolving partial derivatives of a function of two or more variables is known as a
partial differential equation (P.D.E.). Partial derivatives, occur only when there are two or more than two
independent variables. So, in partial differential equations there are more than one independent variables.

The order of a partial differential equation is the order of the partial differential coefficient of the
highest order term appearing in it. The degree of such equation is the greatest exponent of the highest
order term. The following are the some examples of order and degree of PDE.

0 Ou
(a) al; +y L By 2u [First order and first degree]
Py Fu L&
(b) oa:) + a;z 6!1; [Second order and first degree]
ou\ S u .
() P 2 ) 0 [Third order and second degree]

When we consider the case of two independent variables we usually assume them to be x and y
and assume z to be the dependent variable. We adopt the following notations throughout the study of
partial differential equations.

x & & & 0

P= 9™ "o S T oy 1T o

Sometimes the partial differentials are also denoted by making use of suffixes. Thus, we write
o w Pu_ Fu o Ou

llx ax N "y a}) N uxx - ax ) u_‘). ] axa)) 9 an u.‘l_\' - a})ax

4.15 Formation of Partial Differential Equations

We shall now examine the interesting equation that how partial differential equations arise. We
show that such equations can be formed by elimination of arbitrary constants or that of arbitrary
functions.

(a) By the elimination of arbitrary constant

Consider an equation f'(x, y, z, a, b)) =0 €))
where a and b are arbitrary constants. Let z be regarded as function of two independent variables x
and y.

Differentiating (1) partially with respect to x and y, we get

of _[ oz ~0

or "oz o
o, LapL-o ~ @
mi L+LZ o
o, L+qZ -0 ©)

Eliminating a and b from (1), (2) and (3), we have differential equation of the form
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Fx»2,p,¢)=0
which is the partial differential equation of first order.

| Example: 1 |

Form a partial differential equation by eliminating a, b from Z = (x + @) (y + b)

Solution:
We have, Z = (x+a) (y + b) ()
Differentiating (1) partially with respect to x and y, we get

|~

? =y+b

0z
and —— =x+ta

Substituting in (1), we have

_0z 0z
T ox oy
= L=pq

which is the required differential equation.

In this example, we have two independent variables x, y and two constants a, b and the elimination
of the constants resulted in a differential equation of first order. If the number of arbitrary constants is
more than the number of independent variables then the partial differential equation thus obtained will be
of higher order than that of the first as shown below.

[ Example: 2 |

Form partial differential equation by eliminating the constant a, b and ¢ from
2

_,_ +£,_ +£cf [CTEVT 2067 / 2068]

Solution:
2 72
We have,;z' + b +?' =1 (1)

Differentiating (1) partially with respect to x and y, we get

2 2 0z (2)

9 6
or, cy+ bzz‘a% = 3
ow, differentiating (2) partially with respect to x, we get
” (6_) L2 82
cTa\ax) T
¢ (_az_ L0
or, 7+ v A 4)
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o . e
. . C . & ('c s ) &
Substituting 3 “% & from (2) in (4), we get

2
__6_4(L) . -
N v ax © oy

0z oz \ 0z
L8 (%Y | 0z 5
z 6.\'4'\(6.\') 41.\—‘5@‘_ 0 (5)
Again, differentiating (3) partially with respect to y, we get

0z ; &z
1, 2 92 2,02 _
o b(ay) e o’

2 2
¢  (oz &z
o 7(E) +:T-0 NG

&2
Substituting P ==

20
y oy
& (&Y, &z _
3545
2

The equations (5) and (7) are the partial differential equations of second order and first degree.

from (3) in (6), we get

Form a partial differential equation if Z = ke” sin ay. [CTEVT 2071]
Solution:
Here, Z = ke™ sin ay €))

partially differentiating (1) with respect to x,

0

é <ke™ sin ay )
Again, partially differentiating (1) with respect to y, we have

2

?; = kae™ cos ay 3)
Again, partially differentiating (2) with respect to x and (3) with respect to y respectively we have,

6—; = ka’e™ sin ay | @
and %;2 = ka’e™ sin ay &)
Adding (4) and (5) we get,

62 Z 62 4 2 ax 2

Uz ST a\',l _ka- ax . =(
pW: + o ka“e™ sin ay e sinay
9

or, %%, + %:7 = () which is the required equation.
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® By the elimination of arbitrary function ¢ from the equation f(u, v) = 0

We have the equation

S(u,v)=0 (N

where u and v are functions of x, y and z . We treat z as dependent variable and x and y as
independent variables, so that

Oz Oz a 0.

P av—"' ox —OFyZO’

Differentiating (1) partially with respect to x, we get

v &
QQ(Gu & ou g+au az)+g¢(au n v, ) 0

Ju oy ox ox) ov ay ox oz ox
Qﬁ(ﬂ Qa_u) QQ(Q& 2@1}
o lat o) owlart a0
ﬁé(a_u a_) Qé(ﬁi @)_
of  au\ar T Pa) v\ ar T Pa)70
(5+ %)
+p
op/ou az
o 3y (_ ) @
Similarly differentiating (1) partially with respect to y, we get
(5 3)
oplou _\y Ta &
o/ ov (QJ, @)
vy 1o

Eliminating ¢ with the help of (2) and (3), we get

(&+r2) (5+3)
(54 0%) (5+0%)

(Qv_+ Q)(&+ ou (&4 @)(ﬁ+ @)
or, ax Pa)\o %) (a"Pa)\e” T

Which can be written as
(auavavau (Q@u@&v)_@g&_@iv_
dy 0z By b oz o oaz)9 oy oy ox
or, Ppt+tQq=
ou v Ov Ou
Where, P_ay'az_ b o
v u
Q_ax'az_ax' oz
ou v u v
ox"dy Oy oOx

Which is the required partial differential equation,
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Obtain a partial differential equation by eliminating the function f from
1
=+ 2f(; + IORJ’) -
Solution:

1
We have, z =" + 2f (; + log y) : (N

Differentiating (1) partially with respect to x, we get

0z 1 0 (1
'a =2f‘(;+logy).5;(;+_logy)
]
or, p=2f'(;+10gy).(—;lz‘)

1
or, -px*=2f" (: + log y) 2

Again, differentiating (1) partially with respect to y, we get

% =2y+2f'G+ Iogy)-‘g}e”"gy)

1
or, q=2y+2f‘G+Iogy). ;

or, qy-2"=2f" G + log y) 3)
From (2) and (3), we have
-px'=qy -2y

or, ptgy= 2y
which is the required partial differential equation.

Form a partial differential equation by eliminating the arbitrary function f and ¢ from
7=flx +ay) + ¢ (x—ay).

Solution:
We have, z=f(x+ay) + ¢ (x — ay). (D
Differentiating (1) twice partially with respect to x, we get

o 0 0
é =f'(xtay) 5 (t @)+ 4 (x-ay) Ho - ay)

=f"(x+ @)+ ¢ - a)
0 . ol
Again, 55 =" (+ @) 5ot @)+ ¢ (- a) 5 (- a)

=f"(x+ay)+¢" (x-ay) (2)
Again, differentiating (1) twice partially with respect to y, we get
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0z , 0 )
W =[Gt a)ptan g ay)—:.)"y (x - ay)

=af'(x+ @)+ () ¢ (x- )

azz "y i , " _@_
o - af"(x+ay) ™ (x+ay)-ag¢" (x-ay) » (x—ay)
—_-azf"(x+ ay) + a2¢" (x-ay)
1 & \
Toa =)+ 4" - )
From (2) and (3),
¥z 17z
o T & o
% = ;12‘%% is the required partial differential equation.

Form a P.D.E. eliminating ffrom the equation Ix + my + nz =f (¢ +3* +2°)
Solution:
Here, the given equation is
Ix+my+nz=1fx +* +7%)
Partially differentiating (1) with respect to x,

l+n.% —f 2+ +A). (2 +22%z';)

o, I+mp=f+y+7).(x +2p)
Again, partially differentiating (1) with respect to y,

-m+n.g =f' (P+y+2). +2z% )

oy
o, m+nq=f"(’+y+2). 2y +2zq)
Dividing (2) by (3),

[+np _u+2p _xtzp
m+nq 2y+2Zq y+zq
or, (/+np)(y+zq) =(m+ng) (x+pz)
or, Iy +lgz +npy +npgz =mx+mpz+ngx +npqz
or, (ny—mz)p +(lz —nx)q =mx —ly,whigh is the required P.D.E.

©)

[CTEVTE]

(D

@

©))


https://v3.camscanner.com/user/download

138| Engineering Mathematics - lll

. FEXERCISE-4(WD) ]
Dy, icr‘.‘ | PR B =
1. Obtain partial differentinal equations by eliminating the arbitrary constant from the

followings:

(@) z=ax+ay’+b (b) z=ax+by+ab

(©) z=ax+by+a® +b ) z=(x-a)’ +(y-b)

2 2
X

@ 2="7+ir
Difficulty Level: B
2 Eliminate the arbitrary functions and hence obtain the partial differential equations from

the followings:

@ z=f @ ®) z=f("-))

(© z=xty+f(xy) @  z=fG+iy)+f(x-iy)

€ z=xfi(x+)+h(x+Y) O xty+z=f+y'+7)

ANSWERS

L @ g=2p (b) z=px+gy+pq © z=px+tqy+p’ +q

@ 4z=p'+q € 2z=px+qy
2. (@ pxtgy=0 () gx+py=0 © px-gy=x-y

&7z &z P’z oz &z
@ P+ap=0 O P agtay O PO-IreE-n=x-y
- 0ao
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Ffl& Linear PDE of First Order | | } j

A differential equation involving partial derivatives (i.e. partial differential cocfﬁcxcnm)a -p

-1
;md-(T:' = ¢ only of first order and not involving higher order is called first order PDE. If the degree of p
oy

and q are unity, then it is known as a lincar partial differential equation of first order. Otherwisc it is
known as non-linear partial differential equation of order one.

ﬁ.17 Lagrange's Linear PDE

The PDE of the form Pp + Qg = R where P, Q, R are functions of x, y, z is the standard form of the
lincar partial differential equation of order first and is called Lagrange's linear equation.

From Art 2.11 (b) we have the content that by eliminating an arbitrary function ¢ from

f(u, v)=0 (D
connecting two functions « and v, we get the partial differential equation
Pp+Qgq=R @
Ou ov du
Where, P=g.% - ?ya
o B v
Ox' 0z oOx 0Oz
Rodu v o o
Ox oy Oy ox
6z &

Thus (1) is the general integral of (2) and so we have to find thé values of u and v.

For that let u =f (x, y, z) =a and v = f ( x, y, z) = b be two equations where a and b are arbitrary
constants.

Differentiating them, we get

ou ou . ou ., _
6xdx+ 6ydy+ azdz—O
ov S o,
Ede+ aydy+azdz-0
Solving these, we get _
dx _ dy _ - dz
u v v ou Ou v ou v Ou ov ou B
oy 0z oy oz 0z' ox oOx' 0Oz ox' oy Oy ox
dx dy dz :
ie -;=-Q2=; 3)

This equation is called Lagrange's auxiliary equations or subsidiary equation.

Solution of the above differential equations are u = f'(x, y, z) = @ and v = f (x, y, z) = b. Thus the
solution of the given equation (1) is found as f(u, v) = 0.

==l

CamScanner
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Working Method
For solving partial differential equation by Lagrange's method, we have following steps

Stepl  : Putthe given lincar PDE of the first order in the standard form

Pp+Qq=R (1)
Step Il : Write down Langrange's auxiliary equations for (1) namely,
dc _dy dz
Pep =5 @)
Step Il : Find any two independents solution of the subsidiary equations. Let them be u = a

and v = b, where u, v are functions of x, y, z and a, b are constants.
Step IV : Now the general solution (integral) of (1) is given by f (1, v) =0 or u=f(v)

or, v= f(u)

Solve:p+gq =%.
Solution:
V4
We have, p+¢q ==
Comparing with Pp + Og = R, we get
P=1,0=1andR=2

Now, the subsidiary equations are

dx_dy_dz
1 1 za
Taking first two terms,
ax_dy
1 1
o XxX=)y=aq
Again, taking the last two terms
dz
Y ="

1
or, logz=_y +log c;

or, '5 =logz—log ¢,
X ing &
o, = log o

)4
or, logz =:.
Co 4

or, logz= i
[

z= c—ze"'"
The general solution is z = & (x - ).
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(Example: 2]
0z

for4
Solve : yz _6—\- + x '5; -
Solution:

e vk % oy
We have, yz P Y.

oy
[t can be written as
yzp t+2zxq = xy (D
Comparing it with Pp + Og = R, we get
P=yz,0=zx,R=xy
Now the Langrange's auxiliary equations for (1) are

dx _dy _dz
yz = xy
Taking first two terms,

& _dy _ dx _dy

yz oz Ty Xx.
or, xdx=ydy

e —J’2 =q
Again, taking last two terms

dy dz dy dz

2T 2y
or, ydy=zdz
o y2 = 22 =0
Here, x* — y2 =c;and y2 — 2 =cyare two independent solutions.
Hence the required general solution is £ (x* — y%, y* — 2) = 0 where fis an arbitrary function.

0! 0:
Solve :y’z—az;+ xzaz =xy’.

Solution:

We have, y’zp + x’zq=xy’.

Comparing with Pp + Qg =R, we get
P=z" O=zx R=x/

The subsidiary equations are
dx d dz
7 Ty

Taking first two ratios we have,

dx _dy
o

or, Xdx=)ydy
On integration, it gives
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R
X — _\’ =)
Taking first and last ratios,

@ iy

CUND L
or, - X

or, Xdv =zdz
22
o, X -I"=0
Here, x° — ' = ¢}, and x” — 2% = ¢, are two independent solutions.
Hence the required general solution /' (x* — *, x* — 2%) = 0.

Solve : pz—qz=7"+ (x +)°
Solution:
We have, pz— gz =27 + (x + )’
Comparing with Pp + Qg = R, we get
P=z,0=-z,R=2+ (x +y)
The subsidiary equations are
dx dz dz
z Tz 2 e

Taking first two ratios, we get

dx _dz
z - —.Z
or, dx=-dy
or, dx+dy =0
%4 xty=q
Taking first and last ratios,
dx dz
z 2 +@+y)
zdz =dx
o F+a+)
2zdz
or, ?+—c17 =2dx
Integrating,

log (Z+¢’) =2x +c
or, log[Z? +(x+y)}=2x+c
or, log(@ +x* +y*+2xp)-2x =¢
The general solution is

Slx+ylog(@ +x* +y*+2xy)-2x] =0.
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@8 Method of Lagrange's Multipliers

If the auxiliary equation of a differential equation is in the form as:

% = ié') = % then it will be convincing to find the solution of the equation on reducing it as,

[z + % e
& D % o laximeyt nds where /, m, n are known as the Lagrange's multipliers

P Q [P +mQ+ nR

(constants) which are so chosen that /P + mQ + nR = 0.

Solve the partial differential equation :

xp-yqg+x-y'=0.
Solution:

The given equation is
Xxp-yqg+x' -y =0.

It can be written as
Pp=yq=y

Comparing it with Pp + Og = R we have,
P=x,0=-yand R=)*-x*

Now, the auxiliary equation becomes as

ax _dy _dz
P 0 R
dx dy dz
o 5 P (1

Taking the Lagrange's multipliers as x, y, / we get
dx _dv __dz _xdxtydy+dz
x -y y-x" 0

i.e. each ratio = W_ﬂ%{ﬁﬂ
o, xdx+ydy+dz=0 ' b
Integrating we have,

2.7, _Q

3 v tEmy
or, X' +)y’+2z=C 2
Taking the first two ratios from (1) :

& _ &y

X - -y

Integrating we get,
logx=-logy+log C;
or, logx+logy=IlogC,
or, log(xy)=IlogC,
or, (Xy ) 5 CZ
: The solution of the given equation is

() =fi’ +y” + 22).
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-

Exercise - 4 (VII) Aa
1. Solve tptqg=1 ‘ 2. Solve : xp +y1=z
3. Solve:x’p +)'q =2’ 4. Solve: px—qy=2x
2 Oz _ . A 9z _
S Solve: W + Y = §in X 6. Solve: xz o +yz y =Xy
0z 0z
7. Solve: ("_Z)E +(x—y)5 =z—X 8. Solve: (y+2)p+(z+x)g=x+y
9. Solve: y°p — xyq = x(z—2y) 10.  Solve: X;—z ptzxq = ¥
e A A R
11.  Solve: zx V2 By =y"—x 12. Solve:(mz—ny)p+(nx—1Iz)q=1Ily—mx
13, Solverz(x+y)p+z{x-y)g=x'+y 14.  Solve: (%)p+(‘z-;)q=x—wl
ANSWERS
- Yy -
1. d(x—y,x—2)=0 2. ¢(z’z) =0
. 111 1)
2 ¢(x_y’y_z)_0 4. xy=f(2x+2)
S. ztcosx=¢(y—-x)] 6. f(‘;,xy,.zz)=0
7. .f-(X+Y‘?'2,f—J’Zo'\2AD)+2yz)=O o, flx +y+zxy+zx—yz) =0
8. fIX¥-y+2zx—2yz,y 2+ 2xy—22x]=0
9. X+y=f0’-y) 10. f(F-y, 7 -2)=0
1. fE+y+2,5)=0 12. P+ +22=f(lx+my+nz)
13. [Py -2,X =y -P=0 14. (yzx+y+z)=0
aaa
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Fourier Series

]3.1. Introduction

The Fourier series is one of the most powerful tools in the modern mathematics for solving some
ordinary and partial differential equations. The concept of the Fourier series was first developed
(introduced) by the French physicist and mathematician named Jean-Baptiste Joseph Fourier (1768-
1830). He developed the Fourier series and an expansion of a function into an infinite trigonometric series
in terms of sine and cosine functions in the process of solving the problems of heat conduction (transfer).
As the Taylor series express, a function in terms of algebraic terms, likewise the Fourier series express the
functions in terms of the trigonometric terms as: 1, cos x, cos 2x, ..., sin x, sin 2x, sin 3x, ...

The theory of Fourier series is a little bit complicated but its application is simple. Fourier series
are more universal than that of Taylor's series because many of the discontinuous periodic functions of
practical interest can be developed (expressed) in Fourier series. But it does not have the Taylor's series
representations. The Fourier series are used to solved the engineering problems of periodic functions
related to heat conduction, electromotive forces in electric circuits, acoustics vibration, planetary motion,
signal processing, optic etc.

5.2. Periodic Functions

Since cos (27 + x) = cos x, s0 cos x is periodic in an interval of length 27z Now 27 is called a
period of cos x (a trigonometric function). Similarly sin x and tan x are also the periodic functions in some
interval of length 27 and 7 respectively. Look at the graph of sine and cosine below which have a
periodic repetition in the length of 27 in the interval (—o, o).

1 y=sinx
'
\ \_M [\ o -
. g o prdn-n oz || on 3 o2t [spoan
2 2 2 2 2 2
2n 2n
(y = cos x period of 27) (y = sin x period of 2)

Hence, a function £ (x) is said to be periodic with period P if f (x + P) =f(x) for all (V) values of x,
P > 0. For examples,

sin (x +27) = sin x, tan (x + ) = tan x etc.

5.3. Fundamental Period of a Periodic Function

In a periodic function /' (x), the smallest period P > 0, is called the fundamental period of 1 (x).

Thus, the fundamental period of sin x, cos x is 27 and 7 is the fundamental period of sin 2x, cos 2x and
tan x etc.
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Find the fundamental period of sin 2x.
Solution:
Here, f(x)=sin2x
If P be the fundamental period of f'(x) then we have by the definition that f(x + P)=f(x)
= sin2(x+ P)=sin 2x=sin 27+ 2x)
or, 2(xt+P)=2z+2x
or, 2x+2P=27+2%x
or, 2P=2rx

o, P=r

The fundamental period of sin 2x is P = 7.
Notes: T Lo '
1: If £(x) is a periodic function with period P, then
f@+2P)=fx+P)+Pl=f(x+P)=f()
- J&+2P)=f(x)
and f(x +3P) = f[(x + 2P) + P =f(x + 2P) = [ (%)
J&:+3P)=/(x) |

..........................................

J(x+nP) =flx+@- 1)P+P]
' =fllx+(n-1P1=f()
or, f(x+nP)=f(x)
o fetaP)=f(x)
Hence, 2P, 3P, ..., nP are also the periods of £ (x).

2. Iff(x) and g(x) are the periodic functions with period P and A(x) = af(x) + bg(x) where a and b are
constants then

h(x+P)=af (x + P) + bg(x + P) = af (x) + bg(x) = h(x)
or, h(x+P)=h(x)

h(x) is also a periodic function with period P.

Some properties of periodic functions

If /' (x) is a periodic function of period 27, i.e. f (x + 27) = f(x), then

b b¥2rx
@ [ roa=["" foa
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T at2dn
(b) I_E S(x)dx = I 'ﬂ £(x)dx

m T
(c) I_H fx)dx= I_” f(c+x) dx, where a, b, ¢ are any numbers.

5.4. Trigonometric Series

If a set of trigonometric functions {1, cos x, sin x, cos 2x, sin 2x, ..., cos nx, sin nx, ...} is expressed
in the form as ag + a,cos x + bysin x + a, cos 2x + b, sin 2x + ... + a, cos nx + b, sin nx + ... then it is
called a trigonometric series where ag, @y, @, ..., Gy, ... by, by, ..., by, ... are the real constants and are
known as the coefficients of the trigonometric series. And the set {1, cos x, sin x, cos 2x, sin 2x, ..., cos
nx, sin nx,...} is called a trigonometric system.

ES Orthogonality of Two Functions

b
Two functions f (x) and g (x) are called orthogonal over an interval [a, b] if L f(x) g (x)dx=0.

Similarly a trigonometric system 1, cos x, sin x, cos 2x, sin 2x, ..., cos nx, sin nx, ... is called orthogonal in
an interval [-x, ] if

4

(@) sinmx sinnxdx=0form#n
v -
T
(b) cos mx cos nx dx =0 for m # n and
v =T
[ ﬂ- - . .
(c) sin mx cos nx dx = 0 for any integers m and n including m = n.
o -

Note:
The above trigonometric system is also orthogonal in any interval of length 2.

5.6. Fourier Series

If the trigonometric series ay + @;cos x + a; cos 2x + ... + a, cos nx + ... + bisin x + by sin 2x + ... +

1 = . " :
by sinnx + ... =5 ag+ Z [a, cos nx + b, sin nx] uniformly converges to f'(x) in any interval I € R, then
n=1
the series is called the Fourier series where ag, a,, b, are the constants to be determined and are known as
the Fourier coefficients.

5.7. Fourier Series of a Function having Period 2

The Fourier series a periodic function f (¥) in an interval (—z m) is defined as the sum of the

. .1 % L
trigonometric series  dg + 2 [a, cos nx + b, sin nx] which is uniformly converges to f (x). It can be
n=1

N N . .
expressed f (x) =5a + 2 [a, cos nx + b, sin nx] where the Fourier coefficients ao, @1, b, can be
n=|

determined by the Euler's formulae:
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1 [7 . 1 ("
ap= —z_r I_x f(x) dx, an =7 I_” [ (x) cos nx dx and

N
b, =5 J‘_T,f (x) sin nxdx wheren=1,2,3, ...

5.8. Determination of Fourier Coefficients

The Fourier series of a periodic function f(x) in an interval (-7, 7) is defined by
l 00
f(x)=500+2[a,.cosnx+b,.sinnx] (1)
n=1 '

(@) To determine a,

To find ay integrating (1) with respect to 'x' on both sides term by term from —7to 7 then we have,

j‘ﬂ 1~ °°|: In J'ir ) ]

_”f(x)dx—z ‘”ade+,,§=:1 a, _”cosmcdx+b,, _ﬂsmnxdx
b cosnx\| ™
_,,+b”(— n )_J

of, Zf(x) dx =£2Q [+ 2+ i [an (sin nz . sin nﬂ) b, (cos nm_cos nn')]
o n=1

o, | f@a=2m"+ i [a" S

_r n
n=1

n n n n
o, _ﬂ f)dx= aj’ 27+ Y, [a, (0 +0) b, (0)] [+ sinnz=0]
- o~
or, .._”f(x) dx=agr+0

or, a =% J‘_’; J(x)dx

1~
W™= j_”f(x)dx

() Todetermine a,

To find @, multiplying (1) by cos nx and integrating with respect to 'x' on both sides term by term
from -z to 7 we have,

J'” _1 I” dX+i|: I” ixdx+ b J‘”sinnxcosnxdr]
_”f(x)cosnxdx—zao _cosmx )2 ay |__cos'nx n | _x

-

i L sinnxlﬂ °°|: J‘ﬂ 1 + cos 2nx +Qﬂ‘[ﬁsin2nxdx}
or, I_’rf(x)cosnxdx—zao[ 3 ”+21 a, ) dx+75 =t
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_1 S i +sin2nx) 4 Qa(_cos2nx) "]
-2"°[°]+Z[2(x a3 5|

Il

o0
0+Z|:£2"(;1-+ T+ 0)—%(cos 2nm— cos 2nrr):| [ sin nz=0]

n=1

or, I_,;f(x) cosnx dx = i [22“ 2n) - 0] =a,m

n=1

1 n
an=" I_Wf(x) cos nx dx, where,n=1,2,3, ...

(¢)  To determine b,

To find b, multiplying (1) sin nx and integrating with respect to 'x' on both sides term by term from
— mto rwe have,

I

T n = T T
“'”f(x)sinnxdx=£2qj sin nx dx + E’l:a"J. sinnxcosnxdx+b,,J. sinznxdx:l
- B n=1 E =%

r &2 P 7 | —cos 2nx :
A Bl s
n T on=l e ”

— V3 G b4
=_%!l_[cosnn._cosmﬂ+Z[J(_COSan)I +Q£(x_sm2nx) :l

a,
| 2 2n -t 2 2n -7
= b
=0+ ; [0 +—2“(2,r):| = b,
T
or, J‘_z f(x) sin nx dx = nb,

1 T
b,== J‘_zf(x) sin nx dx,wheren=1,2, 3, ...

T

Note The coefﬁciéhtk ao, a,,, b,, é‘l:e.’cqlledf!liﬁl‘efgs cpefﬁciepts. |

Find the Fourier series expansion for f(x) = 7+ x in (-7, 7).
Solution:

Let the Fourier series of the function f(x) in (7, =) is defined by

f(x) =%ao # Z [a, cos nx + b, sin nx]
n=l1

(e o}

1
That is, 7r+x=5ao+z [a, cos nx + b, sin nx) 1)
n= s
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1 n
where ag = 2 I_ ;rf (x) dx

and, a,

MY P
[zr(zr) I {”(—”) +£——£€ﬁ}i|
[712 +§+ 7 —%}

A =2x

Il
A I—'

A |-

Ny =

ao=2ﬂ'

1 =
=—I (m+x) cos nx dx
wd-n

=%:[(7z+ x)s'."T"x—(0 +1) (_c—o;fzni)];

i3 {uv dx = uv, — u'vy + u"vs — u"'v, + ... where dashes indicate the differentiation and that of
suffices for integration]

sinnx cos nx
+ l

=1 [(reni

smmr CoS nmw
~1 [ Lt cospm

-y sin ’(I—Lz-) _ cos ::2(—£):|

I:zﬂ(o) +(j)_ 0- L_I)z:] =— [0] [ cos nmg= (—1)"]

kil'-‘

ﬁl’—‘

Soa,=0

Again,

by

1 (7 . 1 (7
b,,=7[J._lrf(x)smnxdx=;‘[_”(7r+x)sin nx dx

sl (-2 <°+1>( it

cos nx sinnx
+
r

N I=

n

[ (z+x)=——

SNV §l—= §I=

cosnx  sSinnw cosn (—x ] —
I:—( wg= +— 7 t(z-n) n( )_sin ':12( ”)]

1\ = n+l
[_27;£—])—+ 0+0+ 0] =l [ZnL—lL:I
n T n

Il

(_l)n+l

For the values of ay, a, and b, the equation (1) becomes as,


https://v3.camscanner.com/user/download

Fourler Series |151

0 2(-1 ntl
rx: -‘;(2;;) + Z [(O) cos nx + —(7)— sin nx]
“ n=
0

1
S“")M )
g-x=x+2 S nx

n=

Find the Fourier series of f(x) in the interval (- 7) defined by
0 for -n<x<0
fx)=y1 for 0<x<a2
0 for m2<x<n~«

Solution:

Let the Fourier series of /'(x) in (-7, 7) is defined by

f(x)=%ao+2 [a, cos nx + b, sin nx] (1)
n=1
1 [~

where, ap = . Lﬂ S(x)dx

1 (0 1 =2 7
=”I_”(0)dx+7r jo (l)dx+7lt O

1 2
=g [0+xy +0]
1w 1
=50 =~ [/2-0]
1
ap =E
1 (7
a =7 f(x) cos nx dx

1 0 7 :
=; J-_” (0) cos nx dx + I 5 (1) cos nx dx + Iﬂoz.cosnxdx]
1 2
orn,a, = 0+J- cosnxdx+0]
-

=l[+w;]"’2__i[ 4 l]
P n 0 = nx COS"Z—

1 /g
S by=—|1-cosn=
mt[ 2]

Now, for the values of ay, a, and b, the equation (1) takes the form as,
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o0
== G) + 2 [””\m cos nx 'i-# (l - cos "2”) sin nr]

- n=|

0
nr\ si
1,1 El:‘”" nm cosnx +(1 ~cos ).sm nx]
4 nm i 2 n n

=l+l[ 5240+ S04 () XL +a-0) (14 1)
4 r
in 2x 3 4 5
Sin2x 0)sm X (l_l)sm x(l_o)sm X, ]
2 4
___l+l|:cosx_cos3x+cos 5% _ 4 ging+28in2x | sin3x , sin 5x+m]
4 r 3 5 2 3 5
f(x)=-;: }r[cosx_co§3x+coss$x_m +S[-nx+2si;21 2x+sin33x+sin55x+ :l

5.9. The Fourier Series of f (x) in the Interval (0, 2r)

The Fourier series of a periodic function f(x) in (0, 27) is defined by

fx) = ao * Z [a, cos nx + b, sin nx] where, ag= I f(x) dx

1 (27 1 (27
=;J.0f(x)cosnxdx,n=1,2,3,._. and b"=7r."0 f@)sinnxdx,n=1,2,3, ...

Find the Fourier series of f(x) on the given interval defined by
0 for O0<x<n=m
fe)= )

for r<x<2rx

Solution:
Let the Fourier series of the periodic function f(x) in (0, 27) is

fx) = ao + Z [a, cos nx + b, sin nx] ()

1 2~
where,ay = p " f(x)dx

2r

Ao [t

Il

1
;[221— 7r]=}r[rr]=l

ay =1
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N |-

2r
j " [(x) cos nx dx

An

Ny =

: 2r
1
0+snnx| il
| n 0}

sinn(2m) _sinnm
L n n

3y 1=

N I=

< Aal-

[0-0]=1[0]

an

. 1. (2~
Again, b, e j . Sfx) sin nx dx

=%r[ I:(o) sin nx dx + J‘;T(]) sin nx dx]

- l[o L (= cos nx) Iz”]
VA n o

1
=——[cos 2nz— cos nn]
nx

(1" = 1)1

=1
nx

=—L+cayy

nmw
R E1C
T n

Now, substituting the values of g, a, and b, in (1) we get,

&) :%(1) + i [0—%_{1—1%_—1):1-} sin nx]

n=l1 n
(sin ¥ +%—sin 3x + % sin 5x + )

f&x) = %— %(sin X -i-—;- sin 3x + % sin Sx + )

which is the required Fourier series.

:I: (0) cos nx dx + I;’:(]) COS Nx dx:l
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5.10. Even and Odd Functions

(@) A function f(x) is said to be an even if /(= x) = [ (x) for all x. Such as, X%, cos x, sec x, |sin x|, x|

sin°x, sin®x cos x are all even functions. For example,
If  f(x)=x"then

> )=y =x'=f()
J=x)=f@)
£ (x) =x"is an even function.

Similarly, we can test for other also.

(b) A function f(x) is said to be an odd if f (—x) = — f (x) for all x. Such as, x, xX*, sin x, tan x + sin x etc.

arc examples of the odd functions. For example,
If £ (x) = sin x then
f(=x)=sin(=x)=-sinx=—f(x)

> f()=-f()
f(x) =sin x is an odd function.

Similarly, we can test for others.

functions will be symmetrical with respect to the origin.

Note: The graph of even function will be syinmetrical with respect to the y-axis and that of odd

Properties of even and odd functions

P P
(@)  Iff(x)is even function, then J‘_P fx)dx=2 jo f(x)dx

(b) Iff(x)is odd function then Ij) f(x)dx=0.

Check whether f(x) = X*sin’x + cos x is even or odd.
Solution:
Here, f(x) = x’sin’x + cos x
o, f(=x) =(=x)*sin*(=x) + cos (—x)
=x* (-sin x)* + cos x
= Xsin’x + cos x = f (x).
Since f(—x) =f(x) so the given function is even.

Now, let the Fourier series of the given function f(x) in (-7, 7) is

I €N
f(x) =5at E [a, cos nx + b, sin nx)
n=1

()
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1 (7
where, ag = -;r J‘*:r f(x) dx

Since f(x) is even, we have
1
aq =” j‘ f(\)d\——J 2x dx

X

Bl
2n

Il Il

3 -

a"

I S (x) dx cos nx dx [an even function]

% I_U” (= 2x) cos nx dx + J: (2x) cos nx dx]

ERL

0 2 /4
xcosnxdx+— joxcosnxdx
- T

[xsmnx (1)( cosnx):l_oﬂ_*_i[ sin nx (1)(cosnx):|0
%r[ 0+;117 0- 1—,)—] [o+—1" 0- —‘2]

n

1(~
Again, b, = po I_” f(X)sinnxdx=0 [+ £(x) sin nx is odd]

Putting the values of aq, a, and b, in (1) we get, .

S() =%(2ﬂ')+2[ L_lr—lcos nx+0:| [ b,=0]

n=1

fx)= lr+_ 2 LL—cos nx

n=1

r5.11. The Fourier Series in terms of the Even and the Odd Functions

The Fourier series of a function /'(x) in the interval (-7, 7) is defined by

(¢ 4]
f(x) =';' ap + 2 [a, cos nx + b, sin nx] )
n=
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Case |

If / (x) be an even function, then f(x) cos x will be even and f'(x) sin x be the odd functions. Thus
we have,

1
ag =; J._’; f(x)dx

o
= %_ 0 S(x)dx [By the property of even function]
1 [~
or, a, =" f(x) cos nx dx
T d-n
2 [~ )
=7 Jo () cos nx dx [By property of even function]
1 [7 )
and =T J‘ % S &) sin nx dx =0 [By property of odd function]

Now, the equation (1) reduces as,
1 0
fx)= 5 4o + Z a, oS nx [ b,=0] 2
n=1

The relation (2) is known as the Fourier cosine series of f (x) in (0, z) where the Fourier
coefficients ag and a, can be obtained by the Euler's formulae as below,

ao=%r Igf(x)dfmdan=%ﬁf(x) cos nx dx

Case Il

If £ (x) be an odd function, then f (x) cos x will be odd and f (x) sin x be an even functions
respectively. Thus we have,

1 (=

@=" Lr f(x)dx=0 [ Because of odd function]
1 b3

an=" j_” S(x)cosnxdx=0 [~ Odd function]

1
And b= f_’; Fl)desinne de

2
- J:; S (x) sin nx dx [- Because of even function]

Now, the equation (1) reduces as,

S@) =Y, by sin nx [ a=a,=0] 3)

n=1

The relation (3) is known as the Fourier sine series of /'(x) in (0, 7) where the Fourier coefficient
b, can be obtained by the Euler's formula as,

CamScanner
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2 T
b,,=”'r(’: S (x) sin nx dx
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Notes:

(i)

If £(x) is even then b, = 0 and find the Fourier cosine series.

(i)  [f/)is odd then ag = a,= 0 and have to find the Fourier sine series.
(iti)  The product of two even (or odd) functions is again even.

(iv)  The product of even and odd functions is odd.

(v)  The sum (or difference) of two even functions is even.

(vi) _ The sum (or difference) of two odd functions is odd.

Obtain the Fourier series for £ (x) =x’ in (7, 7).

Solution:

Let the Fourier series of f(x) in (-7, 7) is

l 0
fx)=5a+ 2 [a, cos nx + b, sin nx]
n=1

o J"’
where, ag | S(x)dx
1 (7
—”-_ﬂx}dx=0
1 7
a, =;._’rf(x)cosnxdx
1 [n
=7r-_”xlcosnxdx=0
Again, b, =~
2 (=
or, b, =;-0x3sinnxdx

=%t[f (-eosms) 5

n

)

[ f(x)=x"is an odd]

[+ x* cos nx is an odd]

* . 17 5.
=% _”f(x)smnxdx—” x°sin nx dx

-

[« x° sin nx is even function]

_sin nx +6x [COS X\ _g sinnx\1”
" T ) " 0

: 6 ! u
_M+—3{x2 sin nx + -5 x cos nx—'%sm nx] :

_2

It[ n n
_2[ Zcosnm

T n

+}z 72 sin nfr+—6; 7 cos nzr—%sin nr—-(0+0+0+ 0)]
n n n
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A n
-Z[_ﬂ_ul_+ 0+8Z 1y -0- 0]
n n

n

_ nf 6 s
=20 [* ]

bn =2(_l) ['? —g]

Now, the equation (1) takes the form for the values of ao, @, and b, as

S 6 7
je. x=0+ [0 +2(=1)" (1 - —) sin nx:l
= nwoon

gl 2

Expand the function f (x) = x sin x as a Fourier series in [- 7, 7.

Solution:
Let the Fourier series of f (x) in [-7, 7] is defined by

[e¢]
fx)= 2 5apt 2 [a, cos nx + b, sin nx)
n=1

Since f(x) is even function in [-7, 7). So b, =0.
The equation (1) becomes as,

F@= 200+2a,,cosnx [+ b,=0]

where, ag = 'r' f(x)dx= rx sin x dx

or, ap = % [x(— cos x) — (1) (- sin x)]g

_2
- [=x cos x + sin x]0
2 .
or, a =”[ 7eos m+sin 7+ 0-0]

=-217(1)+01=2
/4 .
do =2

p
And a, = - J: S (x) cos nx dx

(M

()
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T
0¥ sin x. cos nx dx 3)

I
NI

T
X. 2 sin x cos nx dx
T

N =

:,\* [sin (n + 1) x — sin (n — 1) x] dx

N =

[+ 2 cos A sin B =sin (A + B)—sin (A — B)]

=1 A 1 ;
= ﬁxsm (n+ 1)xdx—; Oxsm(n— 1) x dx

At (e

(n-1) 0
(n=1)
=}t[-%"lﬁ+o+o-o]-}[ [-ﬂnr_ll"L_'+o+o—o]
[
=£[§,:+%‘%1L (n#1)
et _sor

-2 (1) 21
GB=m ) (- rED="7

For n =1, from (3) we have

2 J’f
a =— X Sin X cos x
=7 ) dx

1
or, a =~ rxsin?_xdx

T Jo
_1r _cost)+ 1 sian]”
”;x( 2 () 4 0
1[ cos2x, sin2x
| g & —0-0
o, a - r.= 2 0 :|
or, a =-l’;-—7t.%+0]=—%
a =—..—1-
2

For the values of ag, a; and a, the equation (2) becomes as,
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Jx) =%‘ (2)- % cosx—2 %—)—1 cos nx

n= n -1

o0
n
xsinx=1 —lcosx—Zgi;—])—cos nx
2 =1

Find the Fourier series of a periodic function f (x) with period 27 which generates the

rectangular wave defined by
-3 for -m<x<0
f&)=
3 for O<x<nx

Solution:

Let the Fourier series of the rectangular wave function f(x) in (-7, 7) is

[ o]
f()= % a0 +2 [a, cos nx + b, sin nx]
n=1

n 0
where ag =%r j_ﬂf(x)d:r=}z I_”(—B)dx+%[_|::(3)dx

2’2 wi-2 0+ 420

-3+3=0
ao=0
1 (7
a, =;.h’/(x)cosnxdx
_Lp L [" 6y cor e
—”._”(—3)c0snxdx+x 0( ) cos nx
_=3[sin nxlo +§|isin nx:|"
zL n 1z 7L n o
=3
=—[0+0+0-0]=0
nmw
a, =0

IS N L
Again, b, = p J: nf (x) sin nx dx

i I:I (=3) sin nx dx + r(3) sin nx dx]

;[_( cos nx) | 0 +( cos nx) o
V4 n - n 0
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=3 2= 1) =1y
nx

=dp-2¢1m
nx

=S -1
nx

by = 11 - (=1)

nnx

Now, for the values of ay, a, and b, the equation (1) becomes as,

f@)=0+ 21 [0 +%[{1 — (1)} sin nx]

S [1- 1y sinnx
nmw

Ms

o, f()=

Il
—

n

@ =%2[—(—l‘ L

sin nx

3y o

= [2 2
Z 1smx+ sm3x+5s1n5x+

n=1

2 3 5
7Z[smx+sm3 Jc+sm5 sin Sx :|

n=1

fom—y

The graph of some partial sums of the given rectangular wave are as below:

)4

- 3 —_

T, LT

Periodic sqare wave of the given function f (x)

A
/—\\

x\y

3

A\

N\

1

[\

sinx

y
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sin 3x sin 5
y= 12 (sln x+=3

AN S ENG I 3
AV VAR AV

The graph of the first three partial sums of the given function f (x) which

posses a periodic square wave.

Note: A periodic function f(x) defined by

[—K for —7<x<0
f(x with period 27
) K for O0<x<rx P

generates a rectangular wave in (-7, 7) which occur as external forces acting on mechanical system,
clectromotive forces in electric circuit, and etc.

EXERCISE - 5(l)

1. Define a periodic function. Write the smallest periods of (a) sin 6 (b) tan 6 (c) cos 20
2. Write three properties of periodic functions.

3. Write the Fourier series of a periodic function f(x) in an interval (—m, ©t) and also write the Euler's
formulae to find the Fourier coefficients aq, a, and b,
4, Define even and odd functions with at least one example for each.

5. What are the properties of even and odd functions? Write them.
6. Determine the Fourior coefficients (a) aq (b) a, (c) b, to each of the following periodic function
f(x) defined by
. _J0for-t<x<0
® f(x)—{lforO <x<m
(i) f(x)=x" within the interval (0, 2r)
_Jlfor-m<x<0
(i) f(x)~{—l for0 <x<m

: . . 2 -
7. If the values of Fourier coefficients respectively q =%, ay =33 [(-1)"- 1] and &, =ﬂ—12t then

form the Fourier series for the function f{x) defined in [-2, 2).

Sy o 4

8. If the values of Fourier coefficients ay , a, , b, are respectively Tn » 237 and 0 then determine
the Fourier series of the function defined by f(x) = x* in (-x, 7 )

9. If a periodic function f(x) in (-, m) is an even then write its Half Range Fourier cosine series and
that of Fourier Coefficients ag and ay.

10. If a periodic function f(x) in (-7, m) is an odd function then write the Half Range Fourier sine

series and that of Fourier coefficient b,
11.  Define about the fundamental period of a periodic function. Find the tundamental period of the

following periodic functions.
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(a) sinm (b) cos2m (¢) tan3x
(d) cotnx (¢) sinSx (N - cos %;E
. 2nmx

@ sin T

12. Identity whether the following functions are even, odd or neither.
@ X Mb) x+ € |
(d) xsinx () xcosnx M |sinx
® i (h)  sin’x @ logx
G e+e” kK -

pifficulty Level: B

13.  Obtain the Fourier series of f(x) in the given interval
[1 for -7<x<0

@ fx)=
-1 for 0<x<=x
[0 for -7<x<0
®) fx)=
|1 for 0<x<nx
3 /s
-1 if 0<x<3
© sfx)=

.0 if %r<x<27r

14. Obtain the Fourier series of f(x) defined by

=1 for —z<x<=-Z
, 2

= _r z
fe)= 0 for 2<x<2

1 for -§<x<7r

15.  Obtain the Fourier series of f (x) in (-, 7) defined by

(@ fx)=-5x ) fe=x
16. Find the Fourier series of f(x) in (0, 27).

(@ f)=x b)) fE)=7z-x © fx)=2¢

@ fE)=— © f=x

17.  Find the Fourier series of f (x) defined by

0 for —z<x<0 ,
fx)= i‘rx for 0<x<urxm

X for 0<x<n

18.  Find the Fourier series of f(x) = |:
2r—x for n#<x<2x

CamScanner
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Test whether the following functions are even or odd. And hence find the Fourier series of the

19.
functions where,
@ f@=xinf-na ()  f&)=in(xn)
0 for —rsx<-Z
0 for —r<x< 3
T
© f@=| ¥ for —y<x<g
0 for Z<x<n
1 2
20.  Express f(x) as a Fourier series in [-7, ] which is defined by
—-n—x for —-7<x<0
fx)=
7+x for O0<x<7x
| ANSWERS B
1. (@ 2= b)) =« © =
1 & 1" "
3. f® =50+ Z[a,, cos nx + bysin nx], Where a,,=EJ‘_ 7tf(x) dx, an=;I_nf(x) cos nx dx and
n=1
1 LY
b,,=Ej_nf(x) sin nx dx, wheren=1, 2, 3, e
1 — (-
6 @WOa-y @ a=0 @ b=x =]
T n
. 4n? 4
BB aw="5, () a=r, @) b=-1&
©Da=0, @ a-0, @) b="0"2
1. f)=2 +i[ F o (1) —1) cos B L i LXK
2 L n'm 2 nn 510 2
n (1)
8. X =T +4’§£—n}- cos nx
1 2] 2 n ) b4
9. f(x =Ea,,+n§=;: a, cos nx Where a0=;J.0f(x) dx, a, :;'[of(x) cos nx dx,
[>s) 2 T ‘
10 f(x)= Z b, sin nx where b, =;I 0 S (x) sin nx dx,
=
L. @ 2 ®) 1 © 3 @
2z k
(e) 5 M k ® 0
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12.

13.

14.

15.

16.

17.

18.

19.

20.

(a) Odd (b)  Neithe
(d) Even (e) Odd
(g Odd (h) Even
(i) Even (k) Odd

4
(1) ‘-—(sm \+;.sm 33+; sin 5x + .. )

l o0
(b) 5t Z sin nx
() —l—l(cosv cos3xl+cos5xl+ « ¥
4 3 5
2 ¢ D)™
;;er_sinnx
0 —1Y
@@ 10 Z%Lsin nx (b)
n=1

sin2x sin 3x

@ =z-2 (sin x+ ) +‘—n"+ ) (b)

© 8;‘2+8;(%,"—x :smnx) @) Az _

A7, N (1
(e) T+4Z ;zcosnx——smnx
n=1
i+li —1 n_l 1n
1674 L)-z__n COS nx g—)—smnx]
o0
z -1+(1)
2"'2;[ = cos nx
7 xa=1)'—
(@ Even,T+4 ) cos nx
n=1 £
[o o]
(b) Even,%t—g- Zg_—l)’?———lcosnx
n=1
o [sinn— 7T cos M}
2 2 2 |
(¢ Odd, e ; == 5 sin nx
o0 n
-;EZ[L)—-—co.s nx+—_'(1——l)-sin nx]

aaa

r

sin x + 2sin2x | sin3x

(c)
(N
(i

+

Fourier Series |165

Even
Even
Neither

1

2

3

+..)

'§+4g[z(§zlxc0snx]

2(mx+

3

+Y

n=1

2

n

sin 2x  sin 3x
+

n

s, )

(cos nX_ 7 in nx)
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Model Question Set

New Course - 2021 (Three Years Diploma in Engincering All Programmes)

Year - 11 F.M.: 80
Semester - [ P.M.:32
Subject: Engineering Mathematics - 111 Time: 3 hrs
Group 'A’ [(7 % 2) % 2=28]
Attempt All questions.
) (@)  Find the derivative of tan™' (—i%z) ) |
(b)  Find the slope of the curve y =2x+x* at (0, 1).
2. (a)  Define stationery points in a curve and find the points of stationary in the curve
5S¢ - 135x+22.
(b)  State L'Hospital's Theorem and use it to evaluate ’ VIT: 3 "‘fx——_%‘z .
3 (a)  Define partial derivative of a function and find f¥ for f(x,y) = 2y +2y
(b) Find% if y=x7—5x+ 7 and x = 9rs + 2’5",
4. (@)  Test whether the given function is even, odd or neither where
S =N1+x —\1-¥
(b)  Test the periodicity and find the smallest period of f(x) = cos 2x.
d. (a)  Find the area bounded by the curve y = 3x?, x-axis and the ordinates x = 1, x = 2.
(b)  Determine the order and degree of the differential equation:
2 2
% +2(3) -»
6. (@)  Solve by separation of variable method of : (1 +x) ydx + (1 +y) xdy = 0.
(b)  Define exact differentiate equation and test the exactness of
(x+y-Dde+(x-y-2)dy=0
7. (@)  Define the Langrange's Linear Partial Differential Equation with an example.
(b)  Define Fourier Series and write the formulae to find the Fourier coefficients.
Group 'B' [13 x 4 =582]
Attempt All questions.
8. Find the equation of tangent and normal to the curve x* — y* =7 at (1, 2).
OR
If the area of a circle increases at a uniform rate prove that the rate of increase of the perimeter
varies inversely as the radius.
9. Find the local maxima and local minima of the function below and also find the point of inflection
f) =2 - 157 +36x + 1.
10, Evaluate : xl:n ; x cos x—log (1 +x)

Fu v
1. Ifu=log (x*+y’) then show that 5 -5 =0
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12.

13.
14.

15.
16.
17.

18.
19.

20.

State the Euler's theorem of homogeneous function and show that

Ou  ou _ . . —l"i.L3
X5 +ya = sin 2u for u =tan x—y -
dx

Integrate the standard integral : I Sonrtdcoss

Find the area of the plane region bounded by the x-axis the curve y = ¢ and the ordinates
x =0, x =b using the limit of sum.

Find the area of the circle x* + j? = 16.

| dy _ y

dx

Solve the differential equation x y-xtan .

Show that the differential equation exact and solve:
(5x* +3xH? - 297 dx + (2 -3 -5 )dy=0
. d
Define linear differential equation and solve: xjé +y=x*
Solve: (xz—ny)p + (nx—Iz) g = ly — mx.
’ OR
If the portion of a tangent to a curve included between the co-ordinate axes is bisected by the point
of contact then show that the curve is rectangular hyperbola.
1 for-z<x<0

Find the Fourier series of ' (x) which is defined by f'(x) = {
-1 for0<x<gx

aaao
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